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Dependence and multivariate modelling Introduction to Dependence

Motivation

How does dependence arise?

Events affecting more than one variable (e.g., storm on building, car
and business interruption covers)

→ what is the impact of the recent El Niña floods in QLD and NSW?
Underlying economic factors affecting more than one risk area (e.g.,
inflation, unemployment)

→ what is the impact of the RBA cash rate on property insurance,
workers compensation, claims inflation, income protection, mortgage
insurance?

Clustering/concentration of risks (e.g., household, geographical area)
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Dependence and multivariate modelling Introduction to Dependence

Reasons for modelling dependence:

Pricing:
get adequate risk loadings
(note that dependence affects quantiles, not the mean)

Solvency assessment:
bottom up: for given risks, get capital requirements
(get quantiles of aggregate quantities)

Capital allocation:
top down: for given capital, allocate portions to risk
(for profitability assessment)

Portfolio structure: (or strategic asset allocation)
how do assets and liabilities move together?
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Dependence and multivariate modelling Introduction to Dependence

Examples

World Trade Centre (9/11) causing losses to Property, Life, Workers’
Compensation, Aviation insurers
Dot.com market collapse and GFC causing losses to the stock market
and to insurers of financial institutions and Directors & Officers (D&O)
writers
Asbestos affecting many past liability years at once
Australian 2019-2020 Bushfires causing losses to Property, Life, credit,
etc . . .
Covid-19 impacting financial markets, travel insurance, health, credit,
D&O, business interruption covers, construction price inflation, etc . . .
El Niña and associated floods impacting property insurance in certain
geographical areas, construction prices inflation, etc . . .
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Dependence and multivariate modelling Introduction to Dependence

Example of real actuarial data (Avanzi, Cassar, and Wong
2011)

Data were provided by the SUVA (Swiss workers compensation insurer)
Random sample of 5% of accident claims in construction sector with
accident year 1999 (developped as of 2003)
1089 of those are common (!)
Two types of claims: 2249 medical cost claims, et 1099 daily allowance
claims

SUVA <- read_excel("SUVA.xls")
# filtering and logging the common claims
SUVAcom <- log(SUVA[SUVA$medcosts > 0 & SUVA$dailyallow > 0,

])

6/109



Dependence and multivariate modelling Introduction to Dependence

Scatterplot of those 1089 common claims (LHS) amd their log (RHS):
par(mfrow = c(1, 2), pty = "s")
plot(exp(SUVAcom), pch = 20, cex = 0.5)
plot(SUVAcom, pch = 20, cex = 0.5)
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Dependence and multivariate modelling Introduction to Dependence

Scatterplot of the log of the 1089 common claims (LHS) and their empirical
copula (ranks) (RHS):
par(mfrow = c(1, 2), pty = "s")
plot(SUVAcom, pch = 20, cex = 0.5)
plot(copula::pobs(SUVAcom)[, 1], copula::pobs(SUVAcom)[, 2],

pch = 20, cex = 0.5)
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There is obvious right tail dependence.
8/109



Dependence and multivariate modelling Multivariate Normal Distributions

1 Dependence and multivariate modelling
Introduction to Dependence
Multivariate Normal Distributions
Measures of dependence
Limits of correlation

9/109



Dependence and multivariate modelling Multivariate Normal Distributions

The multivariate Normal distribution

Z = (Z1, ...Zn)′ ∼ MN (0,Σ) if its joint p.d.f. is
f (z1, ..., zn) = 1√

(2π)n |Σ|
exp

{
−1

2z′Σ−1z
}

.

standard Normal marginals, i.e. Zi ∼ N (0, 1)
positive definite correlation matrix:

Σ =


1 ρ12 · · · ρ1n
ρ21 1 · · · ρ2n
... ... . . . ...
ρn1 ρn2 · · · 1


where ρij = ρji is the correlation between Zi and Zj .

if ρij = 0 for all i ̸= j , then we have the standard MN.
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Dependence and multivariate modelling Multivariate Normal Distributions

Properties

If Z ∼ MN (0,Σ), then with appropriate dimensions A and C, the vector

X = AZ + C

has a multivariate Normal distribution with mean

E (X) = C

and covariance

Cov (X) = AΣA′.
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Dependence and multivariate modelling Multivariate Normal Distributions

✠ Cholesky’s decomposition

We can construct a lower triangular matrix

B =


b11 0 · · · 0
b21 b22 · · · 0
... ... . . . ...

bn1 bn2 · · · bnn


such that Σ = BB⊤.

The matrix B can be determined using Cholesky’s decomposition algorithm
(standard function in most software—see chol() in R).

This will be useful later on for the simulation of multivariate Gaussian
random variables.
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Dependence and multivariate modelling Measures of dependence

Pearson’s correlation measure

Pearson’s correlation coefficient is defined by

ρ (Zi ,Zj) = ρij = Cov (Zi ,Zj)√
Var (Zi) Var (Zj)

.

Note:

This measures the degree of linear relationship between Zi and Zj .
In general, it does not reveal all the information on the dependence
structure of random couples.
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Dependence and multivariate modelling Measures of dependence

Kendall’s tau

Kendall’s tau correlation coefficient is defined by

τ (Zi ,Zj) = τij

= P
[
(Zi − Z ′

i )
(
Zj − Z ′

j

)
> 0

]
− P

[
(Zi − Z ′

i )
(
Zj − Z ′

j

)
< 0

]

where (Zi ,Zj) and
(
Z ′

i ,Z ′
j

)
are two independent realisations.

Note:

The first term is called the probability of concordance; the latter,
probability of discordance.
Its value is also between -1 and 1.
It can be shown to equal: τ (Zi ,Zj) = 4E [F (Zi ,Zj)] − 1.
Concordance and discordance only depends on ranks, and this indicator
is hence less affected by the marginal distributions of Zi and Zj
than Pearson’s correlation.
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Dependence and multivariate modelling Measures of dependence

(Spearman’s) rank correlation

Spearman’s rank correlation coefficient is defined by

r (Zi ,Zj) = rij = ρ (Fi (Zi) ,Fj (Zj))

where Fi and Fj are the respective marginal distributions.

Note:

It is indeed the Pearson’s correlation but applied to the transformed
variables Fi (Zi) and Fj (Zj).
Its value is also between -1 and 1.
It is directly formulated on ranks, and hence is less affected by the
marginal distributions of Zi and Zj than Pearson’s correlation.
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Dependence and multivariate modelling Measures of dependence

Example: the case of multivariate Normal

Pearson’s correlation:
ρij

Kendall’s tau:
τij = 2

π
arcsin (ρij)

Spearman’s rank correlation:

rij = 6
π

arcsin
(
ρij
2

)
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Dependence and multivariate modelling Measures of dependence

Example: SUVA data
cor(SUVAcom, method = "pearson") # default

## medcosts dailyallow
## medcosts 1.0000000 0.7489701
## dailyallow 0.7489701 1.0000000
cor(SUVAcom, method = "kendall")

## medcosts dailyallow
## medcosts 1.0000000 0.5154526
## dailyallow 0.5154526 1.0000000
cor(SUVAcom, method = "spearman")

## medcosts dailyallow
## medcosts 1.0000000 0.6899156
## dailyallow 0.6899156 1.0000000
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Dependence and multivariate modelling Measures of dependence

Repeating those on the original claims (before log transformation):
cor(exp(SUVAcom), method = "pearson") # default

## medcosts dailyallow
## medcosts 1.0000000 0.8015752
## dailyallow 0.8015752 1.0000000
cor(exp(SUVAcom), method = "kendall")

## medcosts dailyallow
## medcosts 1.0000000 0.5154526
## dailyallow 0.5154526 1.0000000
cor(exp(SUVAcom), method = "spearman")

## medcosts dailyallow
## medcosts 1.0000000 0.6899156
## dailyallow 0.6899156 1.0000000

We see that Kendall’s τ and Spearman’s r are unchanged. This is because
the log transformation does not affect ranks in the data. The more extreme
nature of the data, however, leads to a higher Pearson’s correlation
coefficient.17/109
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Dependence and multivariate modelling Limits of correlation

Correlation = dependence?

Correlation between the consumption of cheese and deaths by becoming
tangled in bedsheets (in the US, see Vigen 2015):

Correlation = 0.95!!
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Dependence and multivariate modelling Limits of correlation

Common fallacies

Fallacy 1: a small correlation ρ(X1,X2) implies that X1 and X2 are close to
being independent

wrong!
Independence implies zero correlation BUT

A correlation of zero does not always mean independence.
See example 1 below.

Fallacy 2: marginal distributions and their correlation matrix uniquely
determine the joint distribution.

This is true only for elliptical families (including multivariate normal),
but wrong in general!
See example 2 below.
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Dependence and multivariate modelling Limits of correlation

Example 1

Company’s two risks X1 and X2

Let Z ∼ N(0, 1) and Pr(U = −1) = 1/2 = Pr(U = 1)
U stands for an economic stress generator, independent of Z
Consider:

X1 = Z ∼ N(0, 1)

and
X2 = UZ ∼ N(0, 1).

Now Cov(X1,X2) = E (X1X2) = E (UZ 2) = E (U)E (Z 2) = 0 hence
ρ(X1,X2) = 0. However, X1 and X2 are strongly dependent, with 50%
probability co-monotone and 50% counter-monotone.

This example can be made more realistic
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Dependence and multivariate modelling Limits of correlation

Example 2

Marginals and correlations—not enough to completely determine joint
distribution

Consider the following example:

Marginals: Gamma (5, 1)
Correlation: ρ = 0.75
Different dependence structures: Normal copula vs Cook-Johnson
copula
More generally, check the Copulatheque

21/109
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Dependence and multivariate modelling Limits of correlation

Example 2 illustration: Normal vs Cook-Johnson copulas
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Copula theory What is a copula?

Sklar’s representation theorem

The copula couples, links, or connects the joint distribution to its marginals.

Sklar (1959): There exists a copula function C such that

F (x1, x2, ..., xn) = C (F1 (x1) ,F2 (x2) , ...,Fn (xn))

where Fk is the marginal df of Xk , k = 1, 2, ..., n. Equivalently,

Pr (X1 ≤ x1, ...,Xn ≤ xn) = C (Pr [X1 ≤ x1] , ...,Pr [Xn ≤ xn]) .

In the case of independence,

F (x1, x2, ..., xn) = F1 (x1) · F2 (x2) · · · Fn (xn)

so that
C(u1, u2, . . . , un) = u1 · u2 · · · un.
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Copula theory What is a copula?

Under certain conditions, the copula

C (u1, ..., un) = F
(
F −1

1 (u1) , ...,F −1
n (un)

)
, 0 ≤ u1, u2, . . . , un ≤ 1,

is unique, where F −1
k denote the quantile functions.

Note:

This is one way of constructing copulas.
These are called implicit copulas.
Elliptical copulas are a prominent example (e.g., Gaussian copula)
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Copula theory What is a copula?

Example

Let

F (x , y) =



(x + 1)(ey − 1)
x + 2ey − 1 (x , y) ∈ [−1, 1] × [0,∞]

1 − e−y (x , y) ∈ (1,∞] × [0,∞]

0 elsewhere
Hence

F (x ,∞) = F (x) = x + 1
2 (≡ u), x ∈ [−1, 1]

F −1(u) = 2u − 1 = x

F (1, y) = G(y) = 1 − e−y (≡ v), y ≥ 0

G−1(v) = − ln(1 − v) = y
25/109
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Finally,

C(u, v) = (2u − 1 + 1)[(1 − v)−1 − 1]
2u − 1 + 2(1 − v)−1 − 1 = 2u(1 − 1 + v)

(2u − 2)(1 − v) + 2

= 2uv
2u − 2uv − 2 + 2v + 2 = uv

u + v − uv

= uv × 1
u + v − uv

Note:

Independence copula is C (u, v) = uv , here “tweaked” by a function of
u and v
The copula captures the dependence structure, while separating the
effects of the marginals (which are behind probabilities u and v).
Other copulas generally contain parameter(s) to fine-tune
the (strength of) dependence.26/109



Copula theory What is a copula?

When is C a valid copula?

For n = 2, C is a function mapping [0, 1]2 to [0, 1] that is non-decreasing
and right continuous, and:

1 limuk→0 C (u1, u2) = 0 for k = 1, 2;
2 limu1→1 C (u1, u2) = u2 and limu2→1 C (u1, u2) = u1; and
3 C satisfies the inequality

C (v1, v2) − C (u1, v2) − C (v1, u2) + C (u1, u2) ≥ 0 for any
u1 ≤ v1, u2 ≤ v2.

Corresponding heuristics are:
1 If the event on one variable is impossible, then the joint probability is

impossible.
2 If the event on one variable is certain, then the joint probability boils

down to the marginal of the other one.
3 There cannot be negative probabilities.
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✠ Multivariate distribution function

We will now generalise this to n ≥ 2 by first recalling the properties of a
multivariate df.

A function F : Rn → [0, 1] is a multivariate d.f. if it satisfies:
0 right-continuous;
1 limxi →−∞ F (x1, ..., xn) = 0 for i = 1, 2, ..., n;
2 limxi →∞,∀i F (x1, ..., xn) = 1; and
3 rectangle inequality holds: for all (a1, ..., an) and (b1, ..., bn) with

ai ≤ bi for i = 1, ..., n, we have

2∑
i1=1

· · ·
2∑

in=1
(−1)i1+···+in F (x1i1 , ..., xnin) ≥ 0,

where xi1 = ai and xi2 = bi .
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Copula theory What is a copula?

✠ Multivariate copula

A copula C : [0, 1]n → [0, 1] is a multivariate distribution function whose
univariate marginals are Uniform (0, 1) .

Properties of a multivariate copula:
1 C (u1, ..., uk−1, 0, uk+1, ..., un) = 0
2 C (1, ..., 1, uk , 1, ..., 1) = uk
3 the rectangle inequality leads us to

P (a1 ≤ U1 ≤ b1, ..., an ≤ Un ≤ bn)

=
2∑

i1=1
· · ·

2∑
in=1

(−1)i1+···+in C (u1i1 , ..., unin) ≥ 0

for all ui ∈ [0, 1], (a1, ..., an) and (b1, ..., bn) with ai ≤ bi , and ui1 = ai and
ui2 = bi .

Heuristics are the same as before.29/109
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Copula theory Density associated with a copula

Density associated with a copula

For continuous marginals with respective pdf f1, ...fn, the joint pdf of X can
be written as

f (x1, ..., xn) = f1 (x1) · · · fn (xn) × c (F1 (x1) , ...,Fn (xn))

where the copula density c is given by

c (u1, ..., un) = ∂nC (u1, ..., un)
∂u1∂u2 · · · ∂un

.

Note:

The copula c distorts the independence case to induce the actual
dependence structure.
If independent, c (u1, ..., un) = 1.
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Copula theory Density associated with a copula

Example

Let X and Y be two random variables and the copula C of X and Y is

C(u, v) = uv
u + v − uv .

Derive its associated density c.
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Copula theory Survival copulas

Survival copulas

What if we want to work with (model) survival functions

F i(xi) = 1 − Fi(xi) (= Si(xi))

rather than distribution functions?

−→ We can couple F i ’s with the survival copulas C .

In the bivariate case, this yields

F (x1, x2) = Pr[X1 > x1,X2 > x2] = C
(
F 1(x1),F 2(x2)

)
,

where
C(1 − u, 1 − v) = 1 − u − v + C(u, v).

This is because

Pr[X1 > x1,X2 > x2] = 1 − Pr[X1 ≤ x1] − Pr[X2 ≤ x2]
+ Pr[X1 ≤ x1,X2 ≤ x2].
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Copula theory Invariance property

Invariance property

Suppose random vector X has copula C and suppose T1, ...,Tn are
non-decreasing continuous functions of X1, ...,Xn , respectively.
The random vector defined by (T1 (X1) , ...,Tn (Xn)) has the same
copula C .
Proof: see Theorem 2.4.3 (p. 25) of Nelsen (1999)
The usefulness of this property can be illustrated in many ways. If you
have a copula describing joint distribution of insurance losses of various
types, and you decide the quantity of interest is a transformation
(e.g. logarithm) of these losses, then the multivariate distribution
structure does not change.
The copula is then also invariant to inflation.
Only the marginal distributions change.
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Copula theory Invariance property

Empirical copula of the 1089 common claims (LHS) and of their log (RHS):
par(mfrow = c(1, 2), pty = "s")
plot(copula::pobs(exp(SUVAcom))[, 1], copula::pobs(exp(SUVAcom))[,

2], pch = 20, cex = 0.5)
plot(copula::pobs(SUVAcom)[, 1], copula::pobs(SUVAcom)[, 2],

pch = 20, cex = 0.5)
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Main bivariate copulas The Fréchet bounds

The Fréchet bounds

Define the Fréchet bounds as:

Fréchet lower bound: LF (u1, ..., un) = max (∑n
k=1 uk − (n − 1) , 0)

Fréchet upper bound: UF (u1, ..., un) = min (u1, ..., un)

Any copula function satisfies the following bounds:

LF (u1, ..., un) ≤ C (u1, ..., un) ≤ UF (u1, ..., un) .

The Fréchet upper bound satisfies the definition of a copula, but the
Fréchet lower bound does not for dimensions n ≥ 3.
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Source: Wikipedia (2020)

36/109



Main bivariate copulas The Normal (aka Gaussian) copula

3 Main bivariate copulas
The Fréchet bounds
The Normal (aka Gaussian) copula
Archimedean copulas
The Clayton copula
The Frank copula
The Gumbel(-Hougard) copula
Copula models in R

37/109



Main bivariate copulas The Normal (aka Gaussian) copula

The Normal (aka Gaussian) copula

Recall that Z = (Z1, ...Zn)′ ∼ MN (0,Σ) if its joint p.d.f. is

f (z1, ..., zn) = 1√
(2π)n |Σ|

exp
[
−1

2z′Σ−1z
]

where z = (z1, ...zn).

Now define its joint distribution by

ΦΣ (z1, ..., zn) =
∫ zn

−∞

∫ zn−1

−∞
···
∫ z1

−∞

1√
(2π)n |Σ|

exp
[
−1

2z′Σ−1z
]

dz1 ···dzn

Let Φ(·) denote the standard normal cumulative distribution function. The
copula defined by

C (u1, ..., un) = ΦΣ
(
Φ−1 (u1) , ...,Φ−1 (un)

)
is called the Normal (or Gaussian) copula.37/109
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Illustration of the Gaussian copula:

Here ρ = 0.4. Source: Wikipedia (2020)
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Main bivariate copulas The Normal (aka Gaussian) copula

The t copula

A r vector Z = (Z1, ...Zn)′ ∼ MT (0,Σ; υ) if its joint p.d.f. is

f (z1, ..., zn) =
Γ
(

υ+1
2

)
√

(υπ)n |Σ|Γ
(

υ
2
) (1 + 1

υ
z′Σ−1z

)−(υ+n)/2
.

Now define its joint distribution by

TΣ,υ (z1, ..., zn) =
∫ zn

−∞

∫ zn−1

−∞
···
∫ z1

−∞

Γ
(

υ+1
2

)
√

(υπ)n |Σ|Γ
(

υ
2
) (1 + 1

υ
z′Σ−1z

)−(υ+n)/2
dz1···dzn.

Let tυ(·) denote the cumulative distribution function of a standard
univariate t distribution. The copula defined by

C (u1, ..., un) = TΣ,υ

(
t−1
υ (u1) , ..., t−1

υ (un)
)

is called the t copula.39/109
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Main bivariate copulas Archimedean copulas

Archimedean copulas

C is Archimedean if it has the form

C (u1, ..., un) = ψ−1 (ψ (u1) + · · · + ψ (un))

for all 0 ≤ u1, ..., un ≤ 1 and for some function ψ (called the generator)
satisfying:

1 ψ (1) = 0;
2 ψ is decreasing; and
3 ψ is convex.
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Main bivariate copulas The Clayton copula

The Clayton copula

The Clayton copula is defined by

C (u1, ..., un) =
( n∑

k=1
u−θ

k − n + 1
)−1/θ

, θ ∈ (0,∞)

It is of Archimedean type with:

ψ (t) = 1
θ (t−θ − 1)

ψ−1 (s) = (1 + θs)−1/θ

Note the correspondance with Kendall’s τ (for bivariate case):

θ = 2τ
1 − τ

⇐⇒ τ = θ

2 + θ

This copula is asymmetric with positive dependence in the left tail.
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Main bivariate copulas The Clayton copula

The Clayton copula for n = 2

We have

C (u1, u2) =
(
u−θ

1 + u−θ
2 − 1

)−1/θ
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Main bivariate copulas The Clayton copula

With parameter τ = 0.25
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Main bivariate copulas The Clayton copula

With parameter τ = 0.75
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Main bivariate copulas The Frank copula

The Frank copula

The Frank copula is defined by

C (u1, ..., un) = 1
θ

log

1 +
∏n

i=1

(
eθui − 1

)
eθ − 1

 , θ ∈ R\{0}

It is of Archimedean type with:

ψ (t) = − log
(

e−θt−1
e−θ−1

)
ψ−1 (s) = −1

θ log
(
1 + e−s

(
e−θ − 1

))
Note the correspondance with Kendall’s τ (for bivariate case):

τ = 1 − 4
θ

+ 4
θ2

∫ θ

0

t
et − 1dt.

This copula is symmetric.
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Main bivariate copulas The Frank copula

With parameter τ = 0.25
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Main bivariate copulas The Frank copula

With parameter τ = 0.75
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Main bivariate copulas The Gumbel(-Hougard) copula

The Gumbel(-Hougard) copula

The Gumbel copula is defined by

C (u1, ..., un) = exp

−
( n∑

i=1
(− log ui)θ

)1/θ
 θ ∈ [1,∞)

It is of Archimedean type with:

ψ (t) = (− log t)θ

ψ−1 (s) = exp
{

−t1/θ
}

Note correspondance with Kendall’s τ (for bivariate case):

θ = 1
1 − τ

⇐⇒ τ = θ − 1
θ

This copula is asymmetric with greater dependence in the right tail, which
makes it often a good candidate for large claims with a
common underlying cause.48/109



Main bivariate copulas The Gumbel(-Hougard) copula

With parameter τ = 0.25
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Main bivariate copulas The Gumbel(-Hougard) copula

With parameter τ = 0.75

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

pobs(gumbel2sim[, 1])

po
bs

(g
um

be
l2

si
m

[, 
2]

)

u1

u 2

 0.2 

 0.2 

 0.6 

 0.6 

 1 

 1 

 1.5 

 1.5 

 2 

 2
 

 3 

 3 

 5 

 5 

 10 

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

50/109



Main bivariate copulas Copula models in R

3 Main bivariate copulas
The Fréchet bounds
The Normal (aka Gaussian) copula
Archimedean copulas
The Clayton copula
The Frank copula
The Gumbel(-Hougard) copula
Copula models in R

51/109



Main bivariate copulas Copula models in R

The VineCopula package

The VineCopula package caters for many of the basic copula
modelling requirements.
Vine copulas (Kurowicka and Joe 2011) allow for the construction of
multivariate copulas with flexible dependence structures; they are
outside the scope of this Module.
The package, however, has a series of modelling functions specifically
designed for bivariate copula modelling via the “BiCop-family”.
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Main bivariate copulas Copula models in R

BiCop: Creates a bivariate copula by specifying the family and
parameters (or Kendall’s tau). Returns an object of class BiCop. The
class has the following methods:

print, summary: a brief or comprehensive overview of the bivariate
copula, respectively.
plot, contour: surface/perspective and contour plots of the copula
density. Possibly coupled with standard normal margins (default for
contour).

For most functions, you can provide an object of class BiCop instead
of specifying family, par and par2 manually.
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Bivariate copulas in VineCopula

The following bivariate copulas are available in the VineCopula package
within the bicop family:

Copula family family par par2

Gaussian 1 (-1, 1) -
Student t 2 (-1, 1) (2,Inf)
(Survival) Clayton 3, 13 (0, Inf) -
Rotated Clayton (90° and 270°) 23, 33 (-Inf, 0) -
(Survival) Gumbel 4, 14 [1, Inf) -
Rotated Gumbel (90° and 270°) 24, 34 (-Inf, -1] -
Frank 5 R {0} -
(Survival) Joe 6, 16 (1, Inf) -
Rotated Joe (90° and 270°) 26, 36 (-Inf, -1) -

53/109
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Copula family family par par2

(Survival) Clayton-Gumbel (BB1) 7, 17 (0, Inf) [1, Inf)
Rotated Clayton-Gumbel (90° and
270°)

27, 37 (-Inf, 0) (-Inf, -1]

(Survival) Joe-Gumbel (BB6) 8, 18 [1 ,Inf) [1, Inf)
Rotated Joe-Gumbel (90° and 270°) 28, 38 (-Inf, -1] (-Inf, -1]
(Survival) Joe-Clayton (BB7) 9, 19 [1, Inf) (0, Inf)
Rotated Joe-Clayton (90° and 270°) 29, 39 (-Inf, -1] (-Inf, 0)
(Survival) Joe-Frank (BB8) 10, 20 [1, Inf) (0, 1]
Rotated Joe-Frank (90° and 270°) 30, 40 (-Inf, -1] [-1, 0)
(Survival) Tawn type 1 104, 114 [1, Inf) [0, 1]
Rotated Tawn type 1 (90° and 270°) 124, 134 (-Inf, -1] [0, 1]
(Survival) Tawn type 2 204, 214 [1, Inf) [0, 1]
Rotated Tawn type 2 (90° and 270°) 224, 234 (-Inf, -1] [0, 1]

All of these copulas are illustrated in the copulatheque.
54/109

https://copulatheque.shinyapps.io/copulas/


Main bivariate copulas Copula models in R

Example of Gumbel copula:
cop <- VineCopula::BiCop(4, 2)
print(cop)

## Bivariate copula: Gumbel (par = 2, tau = 0.5)
summary(cop)

## Family
## ------
## No: 4
## Name: Gumbel
##
## Parameter(s)
## ------------
## par: 2
##
## Dependence measures
## -------------------
## Kendall's tau: 0.5
## Upper TD: 0.59
## Lower TD: 0
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Main bivariate copulas Copula models in R

plot(cop)
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Note this is for uniform margins.
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Main bivariate copulas Copula models in R

Now with a standard normal margin:
plot(cop, type = "surface", margins = "norm")
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Main bivariate copulas Copula models in R

Contour plots are done with normal margins as standard:
plot(cop, type = "contour")
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Main bivariate copulas Copula models in R

But uniform margins are still possible:
plot(cop, type = "contour", margins = "unif")
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Main bivariate copulas Copula models in R

And so are exponential margins in both cases:
plot(cop, type = "contour", margins = "exp")
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Main bivariate copulas Copula models in R

Conversion between dependence measures and parameters
(for a given family):

BiCopPar2Tau: computes the theoretical Kendall’s tau value of a
bivariate copula for given parameter values.
BiCopTau2Par: computes the parameter of a (one parameter)
bivariate copula for a given value of Kendall’s tau.

Example of conversion for Clayton:
tau <- BiCopPar2Tau(3, 2.5)
tau

## [1] 0.5555556
theta <- 2 * tau/(1 - tau)
theta

## [1] 2.5
BiCopTau2Par(3, tau)

## [1] 2.561/109



Main bivariate copulas Copula models in R

Evaluate functions related to a bivariate copula:

BiCopPDF/BiCopCDF: evaluates the pdf/cdf of a given parametric
bivariate copula.
BiCopDeriv: evaluates the derivative of a given parametric bivariate
copula density with respect to its parameter(s) or one of its arguments.
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Main bivariate copulas Copula models in R

plot((1:999)/1000, BiCopCDF((1:999)/1000, rep(0.75, 999), cop),
type = "l", xlab = "") #u_2 = 0.75

lines((1:999)/1000, BiCopCDF((1:999)/1000, rep(0.5, 999), cop),
type = "l", col = "green") #u_2 = 0.5

lines((1:999)/1000, BiCopCDF((1:999)/1000, rep(0.25, 999), cop),
type = "l", col = "red") #u_2 = 0.25
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✠ Simulation from bivariate copulas ✠ Reminder: simulation of a univariate random variable

✠ Reminder: simulation of a univariate random variable

Remember that if X ∈ R has distribution function F then

F (X ) ∼ uniform(0, 1).

This forms the basis of most simulation techniques, as a
pseudo-uniform u ∈ (0, 1) can then be mapped into a pseudo-random
x ∈ R with df F by applying

x = F −1(u).
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✠ Simulation from bivariate copulas ✠ Overarching strategy

✠ Overarching strategy

We will introduce the general conditional distribution method.
The overarching idea is (for the bivariate case):

simulate two independent uniform random variable u and t;
“tweak” t into a v ∈ [0, 1] so that it has the right dependence structure
(w.r.t. u) with the help of the copula;
map u and v into marginal x and y using their distribution function.

However, there are some specific, more efficient algorithms that are
available for certain types of copulas (see, e.g. Nelsen 1999).
In R, the function BiCopSim will simulate from a given parametric
bivariate copula.
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✠ Simulation from bivariate copulas ✠ Preliminary: the conditional distribution function

✠ Preliminary: the conditional distribution function

For the “tweak”, we will need the conditional distribution function for V
given U = u, which is denoted by cu(v) :

cu(v) = Pr[V ≤ v |U = u]

= lim
∆u→0

C(u + ∆u, v) − C(u, v)
∆u

= ∂C(u, v)
∂u .

In particular, we will need its inverse.
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✠ Simulation from bivariate copulas ✠ Preliminary: the conditional distribution function

✠ Example

For the copula
C(u, v) = uv

u + v − uv
we have

cu(v) = v(u + v − uv) − uv(1 − v)
(u + v − uv)2 =

( v
u + v − uv

)2
≡ t

c−1
u (t) =

√
tu

1 −
√

t(1 − u)
≡ v
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✠ Simulation from bivariate copulas ✠ Preliminary: the conditional distribution function

✠ In R

For copulas of the BiCop family:

BiCopHfunc: evaluates the conditional distribution function cu(v)
(aka h-function) of a given parametric bivariate copula.
BiCopHinv: evaluates the inverse conditional distribution function
c−1

u (v) (aka inverse h-function) of a given parametric bivariate copula.
BiCopHfuncDeriv: evaluates the derivative of a given conditional
parametric bivariate copula (h-function) with respect to its
parameter(s) or one of its arguments.
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✠ Simulation from bivariate copulas ✠ The conditional distribution method

✠ The conditional distribution method

Goal: generate a pair of pseudo-random variables (X ,Y ) with d.f.’s F and
G , respectively, with dependence structure described by the copula C .

Algorithm
1 Generate two independent uniform (0, 1) pseudo-random variables u

and t;
2 Set v = c−1

u (t);
3 Map (u, v) into (x , y):

x = F −1(u);
y = G−1(v).
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✠ Simulation from bivariate copulas ✠ The conditional distribution method

✠ Example

Let X and Y be exponential with mean 1 and standard Normal, respectively.
Furthermore, the copula describing their dependence is such as in the
previous example:

C(u, v) = uv
u + v − uv

Furthermore, you are given the following pseudo-random (independent)
uniforms:

0.3726791, 0.6189313, 0.75949099, 0.01801882

Simulate two pairs of outcomes for (X ,Y ).
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✠ Simulation from bivariate copulas ✠ The conditional distribution method

Use of the conditional distribution method yields
1 We can use the uniforms given in the question such that

(u1, t1) = (0.3726791, 0.6189313)
(u2, t2) = (0.75949099, 0.01801882)

1 Set vi = ui
√

ti
1−(1−ui )

√
ti

for i = 1, 2:

v1 = 0.5788953
v2 = 0.1053509

1 Mapping (ui , vi) into (xi , yi) using

xi = F −1(ui) = − ln(1 − ui) and yi = Φ−1(vi) we have

(x1, y1) = (0.466297, 0.199068)
(x2, y2) = (1.424998,−1.251638)
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✠ Simulation from bivariate copulas ✠ Specific algorithms

✠ Specific algorithms

The following algorithms are provided for illustration purposes. They are not
assessable.
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✠ Simulation from bivariate copulas ✠ Specific algorithms

✠ Simulation from a Normal copula

Let C be a Normal copula. The following algorithm generates (x1, ..., xn)
from a random vector (X1, · · · ,Xn) with marginal distribution functions
FX1(·), · · · ,FXn(·), and copula C ,
i.e. Pr(X1 ≤ x1, · · · ,Xn ≤ xn) = C(FX1(x1), · · · ,FXn(xn)):

The following algorithm generates (x1, ..., xn) from the Normal copula:
1 construct the lower triangular matrix B so that the correlation matrix

Σ= BB⊤ using Cholesky’s.
2 generate a column vector of independent standard Normal rv’s

Z = (z1, ..., zn).
3 take the matrix product of B and Z, i.e. Y = BZ.
4 set uk = Φ (uk) for k = 1, 2, ..., n.
5 set xk = F −1

Xk
(uk) for k = 1, 2, ..., n.

6 (x1, ..., xn) is the desired vector with marginals FXk for k = 1, ..., n and
Normal copula C .
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✠ Simulation from bivariate copulas ✠ Specific algorithms

✠ Simulation from a Clayton copula

Let C be the Clayton copula. The following algorithm generates (x1, ..., xn)
from a random vector (X1, · · · ,Xn) with marginal distribution functions
FX1(·), · · · ,FXn(·), and copula C :

1 generate a column vector of independent Exp (1) rv’s Y = (y1, ..., yn).
2 generate z from a Gamma(1/θ, 1) distribution.
3 set uk = (1 + yk/z)−1/θ for k = 1, 2, ..., n.
4 set xk = F −1

Xk
(uk) for k = 1, 2, ..., n.

5 (x1, ..., xn) is the desired vector with marginals FXk for k = 1, ..., n and
Clayton copula C .
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

✠ Example of simulation in R

We simulate 4000 pairs (u1, u2) from the Gumbel copula (with parameter 2)
defined above:
Simul.u <- BiCopSim(4000, cop)
head(Simul.u, 15)

## [,1] [,2]
## [1,] 0.63022622 0.84891783
## [2,] 0.62018178 0.69224302
## [3,] 0.26803698 0.59279981
## [4,] 0.46027188 0.08479914
## [5,] 0.68812025 0.62576048
## [6,] 0.53865294 0.45607924
## [7,] 0.18272442 0.64626354
## [8,] 0.59442051 0.89604623
## [9,] 0.52365068 0.28709672
## [10,] 0.26790776 0.05741456
## [11,] 0.78487978 0.72546290
## [12,] 0.01873784 0.02228465
## [13,] 0.65186382 0.72115161
## [14,] 0.35020402 0.50497495
## [15,] 0.50182391 0.69529994
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

We then need to map them into the correct margins, say two gammas of
shape parameter 10 and mean 100 and 50, respectively:
Simul.x <- cbind(qgamma(Simul.u[, 1], 10, 0.1), qgamma(Simul.u[,

2], 10, 0.2))
head(Simul.x, 15)

## [,1] [,2]
## [1,] 107.36532 66.15562
## [2,] 106.48693 56.55387
## [3,] 78.75366 52.07494
## [4,] 93.62748 30.06336
## [5,] 112.70600 53.48664
## [6,] 99.72722 46.65359
## [7,] 71.28066 54.39720
## [8,] 104.28606 70.58732
## [9,] 98.53799 40.14967
## [10,] 78.74307 27.84311
## [11,] 123.25378 58.23779
## [12,] 45.68633 23.51403
## [13,] 109.30176 58.01212
## [14,] 85.24451 48.53715
## [15,] 96.82896 56.7038876/109



✠ Simulation from bivariate copulas ✠ Example of simulation in R

plot(Simul.x, pch = ".")
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

If we use the packages ggplot2, ggpubr and ggExtra one can
superimpose density plots:
data <- tibble(x1 = Simul.x[, 1], x2 = Simul.x[, 2])
sp <- ggscatter(data, x = "x1", y = "x2", size = 0.05)
ggMarginal(sp, type = "density")
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

. . . or boxplots:
sp2 <- ggscatter(data, x = "x1", y = "x2", size = 0.05)
ggMarginal(sp2, type = "boxplot")
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

. . . or violin plots:
sp3 <- ggscatter(data, x = "x1", y = "x2", size = 0.05)
ggMarginal(sp3, type = "violin")
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

. . . or densigram plots:
sp4 <- ggscatter(data, x = "x1", y = "x2", size = 0.05)
ggMarginal(sp4, type = "densigram")

## Warning: The dot-dot notation (`..density..`) was deprecated in ggplot2 3.4.0.
## i Please use `after_stat(density)` instead.
## i The deprecated feature was likely used in the ggExtra package.
## Please report the issue at
## <https://github.com/daattali/ggExtra/issues>.
## This warning is displayed once every 8 hours.
## Call `lifecycle::last_lifecycle_warnings()` to see where this warning
## was generated.
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

par(mfrow = c(1, 2), pty = "s")
plot(pobs(Simul.x[, 1]), pobs(Simul.x[, 2]), pch = ".")
plot(cop, type = "contour", margins = "unif")
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✠ Simulation from bivariate copulas ✠ Example of simulation in R

data2 <- tibble(x1 = pobs(Simul.x[, 1]), x2 = pobs(Simul.x[,
2]))

sp3 <- ggscatter(data2, x = "x1", y = "x2", size = 0.05)
ggMarginal(sp3, type = "densigram")
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Ranks have uniform margins as expected.
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✠ Fitting bivariate copulas ✠ Using R

✠ Using R

The VineCopula package offers many functions for fitting copulas:

BiCopKDE: A kernel density estimate of the copula density is visualised.
BiCopSelect: Estimates the parameters of a bivariate copula for a set
of families and selects the best fitting model (using either AIC or BIC).
Returns an object of class BiCop.
BiCopEst: Estimates parameters of a bivariate copula with a
prespecified family. Returns an object of class BiCop. Estimation can
be done by

maximum likelihood (method = “mle”) or
inversion of the empirical Kendall’s tau (method = “itau”, only available
for one-parameter families).

BiCopGofTest: Goodness-of-Fit tests for bivariate copulas.
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

✠ Kernel density
BiCopKDE(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]))
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

BiCopKDE(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), margins = "unif")
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

✠ Fitting I
SUVAselect <- BiCopSelect(pobs(SUVAcom[, 1]), pobs(SUVAcom[,

2]), selectioncrit = "BIC")
summary(SUVAselect)

## Family
## ------
## No: 10
## Name: BB8
##
## Parameter(s)
## ------------
## par: 3.08
## par2: 0.99
## Dependence measures
## -------------------
## Kendall's tau: 0.52 (empirical = 0.52, p value < 0.01)
## Upper TD: 0
## Lower TD: 0
##
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

✠ Fitting II
## Fit statistics
## --------------
## logLik: 488.99
## AIC: -973.98
## BIC: -964

For comparison:
SUVAsurvClayton <- BiCopEst(pobs(SUVAcom[, 1]), pobs(SUVAcom[,

2]), family = 13)
summary(SUVAsurvClayton)
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

✠ Fitting III
## Family
## ------
## No: 13
## Name: Survival Clayton
##
## Parameter(s)
## ------------
## par: 2.07
##
## Dependence measures
## -------------------
## Kendall's tau: 0.51 (empirical = 0.52, p value < 0.01)
## Upper TD: 0.72
## Lower TD: 0
##
## Fit statistics
## --------------
## logLik: 478.14
## AIC: -954.28
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

✠ Fitting IV
## BIC: -949.29
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

✠ Further GOF

White’s test:
BiCopGofTest(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), SUVAselect)

## Error in BiCopGofTest(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), SUVAselect): The goodness-of-fit test based on White's information matrix equality is not implemented for the BB copulas.
BiCopGofTest(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), SUVAsurvClayton)

## $statistic
## [,1]
## [1,] 1.343252
##
## $p.value
## [1] 0.19

We cannot perform the test on the BB8 copula (R informs us that The
goodness-of-fit test based on White's information matrix
equality is not implemented for the BB copulas.), but also
cannot reject the null on the Survival Clayton.
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

BiCopGofTest(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), SUVAselect,
method = "kendall")

## $p.value.CvM
## [1] 0.15
##
## $p.value.KS
## [1] 0.22
##
## $statistic.CvM
## [1] 0.08458458
##
## $statistic.KS
## [1] 0.738938
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

BiCopGofTest(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), SUVAsurvClayton,
method = "kendall")

## $p.value.CvM
## [1] 0.32
##
## $p.value.KS
## [1] 0.27
##
## $statistic.CvM
## [1] 0.08144334
##
## $statistic.KS
## [1] 0.7731786
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

par(mfrow = c(1, 2), pty = "s")
BiCopKDE(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), margins = "unif")
plot(SUVAselect, type = "contour", margins = "unif")
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✠ Fitting bivariate copulas ✠ Case study with VineCopula: SUVA data

par(mfrow = c(1, 2), pty = "s")
BiCopKDE(pobs(SUVAcom[, 1]), pobs(SUVAcom[, 2]), margins = "unif")
plot(SUVAsurvClayton, type = "contour", margins = "unif")
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✠ Insurance company losses and expenses

Data consists of 1,500 general liability claims.
Provided by the Insurance Services Office, Inc.
X1 is the loss, or amount of claims paid.
X2 are the ALAE, or Allocated Loss Adjustment Expenses.
Policy contains policy limits, and hence, censoring.
δ is the indicator for censoring so that the observed data consists of

(x1i , x2i , δi) for i = 1, 2, ..., 1500.

We will fit this data mostly “by hand” for transparency (and since we need
to allow for censoring). R codes are provided separately.
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Loss.ALAE <- read_csv("LossData-FV.csv")

## Rows: 1500 Columns: 4
## -- Column specification ----------------------------------------------
## Delimiter: ","
## dbl (4): LOSS, ALAE, LIMIT, CENSOR
##
## i Use `spec()` to retrieve the full column specification for this data.
## i Specify the column types or set `show_col_types = FALSE` to quiet this message.
as_tibble(Loss.ALAE)

LOSS ALAE LIMIT CENSOR

10 3806 500000 0
24 5658 1000000 0
45 321 1000000 0
51 305 500000 0
60 758 500000 0
74 8768 2000000 0
75 1805 500000 0
78 78 500000 0
87 46534 500000 0

100 489 300000 0
115 20 1000000 0
123 60790 300000 0
133 2305 300000 0
140 1940 1000000 0
147 125 500000 0
147 2881 750000 0
165 5235 500000 0
192 915 100000 0
200 1361 50000 0
300 348 500000 0
308 30735 1000000 0
311 1081 500000 0
326 4201 1000000 0
350 76 -99 0
350 1255 300000 0
400 1336 100000 0
500 164 100000 0
500 179 1000000 0
500 723 1000000 0
500 1193 1000000 0
500 1406 100000 0
500 1480 -99 0
500 1527 300000 0
500 1938 500000 0
500 1995 200000 0
500 2215 1000000 0
500 2706 500000 0
500 2778 500000 0
500 2936 1000000 0
500 3815 1000000 0
500 4419 300000 0
500 4495 1000000 0
500 5371 50000 0
500 5609 500000 0
500 6350 300000 0
500 9317 500000 0
500 10246 500000 0
500 14752 300000 0
500 19261 300000 0
520 2373 500000 0
578 1925 1000000 0
600 1458 300000 0
600 5057 500000 0
634 211 1000000 0
667 2369 1000000 0
700 748 -99 0
750 748 1000000 0
750 1737 500000 0
750 2147 500000 0
750 3184 1000000 0
750 3564 -99 0
750 4788 1000000 0
750 7865 500000 0
798 1553 500000 0
800 5773 500000 0
833 7607 1000000 0
833 9900 1000000 0
875 4565 500000 0
900 968 50000 0
909 9215 7500000 0
916 5522 100000 0

1000 321 -99 0
1000 407 1000000 0
1000 450 750000 0
1000 464 500000 0
1000 484 -99 0
1000 780 1000000 0
1000 946 50000 0
1000 1088 500000 0
1000 1289 500000 0
1000 1320 500000 0
1000 1352 500000 0
1000 1872 500000 0
1000 1940 300000 0
1000 2293 250000 0
1000 2302 1000000 0
1000 2481 100000 0
1000 2488 500000 0
1000 2495 300000 0
1000 2750 1000000 0
1000 3388 500000 0
1000 3434 1000000 0
1000 4149 500000 0
1000 4927 1000000 0
1000 5675 1000000 0
1000 6525 500000 0
1000 6557 100000 0
1000 6626 500000 0
1000 6829 1000000 0
1000 6867 500000 0
1000 7797 500000 0
1000 8523 500000 0
1000 9412 1000000 0
1000 11124 500000 0
1000 20564 1000000 0
1075 2168 300000 0
1091 2199 300000 0
1100 170 500000 0
1122 1422 1000000 0
1125 1224 300000 0
1200 984 300000 0
1200 1251 100000 0
1200 2456 50000 0
1250 365 -99 0
1250 371 300000 0
1250 479 25000 0
1250 531 500000 0
1250 774 2000000 0
1250 2090 1000000 0
1250 2488 -99 0
1250 3523 -99 0
1298 1032 100000 0
1300 1409 1000000 0
1300 2507 250000 0
1310 1459 250000 0
1333 999 250000 0
1375 9459 1000000 0
1450 2750 500000 0
1456 3911 100000 0
1500 60 1000000 0
1500 301 -99 0
1500 318 -99 0
1500 436 1000000 0
1500 834 -99 0
1500 1275 -99 0
1500 1315 100000 0
1500 1686 1000000 0
1500 2286 -99 0
1500 2422 500000 0
1500 2919 1000000 0
1500 3247 150000 0
1500 3598 1000000 0
1500 4701 300000 0
1500 4860 500000 0
1500 4870 500000 0
1500 6528 500000 0
1500 6990 1000000 0
1500 7689 100000 0
1500 8131 5000 0
1500 8228 500000 0
1500 10018 500000 0
1500 11994 1000000 0
1500 17146 300000 0
1522 1614 25000 0
1545 415 -99 0
1600 3537 1000000 0
1633 2585 -99 0
1658 337 100000 0
1666 261 300000 0
1666 12323 1000000 0
1667 526 500000 0
1667 2413 1000000 0
1701 12426 300000 0
1750 150 300000 0
1750 198 -99 0
1750 947 1000000 0
1750 1930 500000 0
1800 776 300000 0
1800 1791 300000 0
1800 2825 1000000 0
1800 4644 500000 0
1800 7829 -99 0
1892 1185 5000 0
1913 1578 1000000 0
1937 293 100000 0
1947 10564 300000 0
1974 775 750000 0
1980 2706 500000 0
1993 1946 1000000 0
1994 4851 1000000 0
2000 584 500000 0
2000 700 500000 0
2000 978 300000 0
2000 999 250000 0
2000 1190 500000 0
2000 1395 500000 0
2000 1699 5000 0
2000 1968 500000 0
2000 1989 500000 0
2000 2453 500000 0
2000 2503 500000 0
2000 2644 500000 0
2000 2748 500000 0
2000 3089 1000000 0
2000 3119 50000 0
2000 3496 50000 0
2000 3597 300000 0
2000 4505 500000 0
2000 4756 500000 0
2000 5392 500000 0
2000 5439 1000000 0
2000 5491 500000 0
2000 5767 300000 0
2000 5963 500000 0
2000 6033 1000000 0
2000 6858 300000 0
2000 6995 500000 0
2000 7488 500000 0
2000 8401 1000000 0
2000 8650 500000 0
2000 9393 -99 0
2000 17222 500000 0
2002 5971 100000 0
2018 1322 1000000 0
2022 610 500000 0
2057 11305 500000 0
2067 5697 100000 0
2070 6201 300000 0
2100 302 500000 0
2125 2387 100000 0
2180 9584 250000 0
2250 2182 500000 0
2250 8204 1000000 0
2250 14528 300000 0
2303 803 100000 0
2312 19407 500000 0
2325 5728 1000000 0
2400 620 100000 0
2405 960 300000 0
2428 6657 500000 0
2486 5417 50000 0
2500 50 -99 0
2500 115 1000000 0
2500 145 300000 0
2500 184 1000000 0
2500 415 -99 0
2500 540 1000000 0
2500 544 -99 0
2500 656 500000 0
2500 852 1000000 0
2500 895 500000 0
2500 1053 500000 0
2500 1059 250000 0
2500 1123 500000 0
2500 1150 300000 0
2500 1862 1000000 0
2500 1992 500000 0
2500 2263 -99 0
2500 2268 500000 0
2500 2325 300000 0
2500 2439 -99 0
2500 2462 300000 0
2500 2874 -99 0
2500 2939 10000 0
2500 3352 1000000 0
2500 3411 1000000 0
2500 3583 100000 0
2500 4248 300000 0
2500 4263 500000 0
2500 4451 300000 0
2500 4669 500000 0
2500 4729 300000 0
2500 4805 500000 0
2500 4950 500000 0
2500 5000 500000 0
2500 5063 1000000 0
2500 5075 1000000 0
2500 5321 300000 0
2500 5385 500000 0
2500 5453 500000 0
2500 5678 500000 0
2500 5740 500000 0
2500 5758 -99 0
2500 6027 500000 0
2500 6209 500000 0
2500 6763 500000 0
2500 7000 1000000 0
2500 7362 500000 0
2500 7369 500000 0
2500 7421 500000 0
2500 7467 500000 0
2500 8083 25000 0
2500 8185 -99 0
2500 8813 500000 0
2500 9073 250000 0
2500 9652 500000 0
2500 12580 300000 0
2500 12644 100000 0
2500 14842 500000 0
2600 824 500000 0
2600 2168 500000 0
2600 4914 500000 0
2700 1109 500000 0
2700 3531 500000 0
2730 112158 500000 0
2749 2506 1000000 0
2750 1491 1000000 0
2750 4540 500000 0
2776 4054 500000 0
2787 2603 300000 0
2850 5120 250000 0
2917 1715 500000 0
2922 7802 500000 0
3000 190 500000 0
3000 420 300000 0
3000 749 100000 0
3000 1301 500000 0
3000 1495 300000 0
3000 1594 -99 0
3000 1618 500000 0
3000 1693 500000 0
3000 1899 500000 0
3000 1952 1000000 0
3000 2103 100000 0
3000 2237 500000 0
3000 2534 300000 0
3000 2949 500000 0
3000 3007 300000 0
3000 3154 500000 0
3000 3318 500000 0
3000 3365 300000 0
3000 5831 500000 0
3000 7176 1000000 0
3000 8420 500000 0
3000 10330 500000 0
3000 11561 500000 0
3000 11861 1000000 0
3000 12545 300000 0
3000 14485 500000 0
3000 18206 1000000 0
3000 32390 100000 0
3162 339 300000 0
3250 35 300000 0
3250 10279 500000 0
3269 7081 1000000 0
3300 690 300000 0
3300 3020 500000 0
3333 9251 300000 0
3400 495 300000 0
3409 1974 100000 0
3436 12072 300000 0
3480 15953 500000 0
3486 5374 500000 0
3494 7423 500000 0
3500 378 300000 0
3500 565 1000000 0
3500 784 500000 0
3500 787 500000 0
3500 980 25000 0
3500 2531 500000 0
3500 2691 500000 0
3500 3395 1000000 0
3500 3641 1000000 0
3500 5079 250000 0
3500 5381 100000 0
3500 7615 500000 0
3500 7936 -99 0
3500 11240 300000 0
3500 25176 1000000 0
3600 3063 1000000 0
3685 1716 500000 0
3750 670 -99 0
3750 1369 500000 0
3750 1536 300000 0
3750 3153 500000 0
3750 3556 500000 0
3750 3637 1000000 0
3750 4224 300000 0
3750 9951 300000 0
3903 14319 1000000 0
3941 3689 500000 0
4000 50 -99 0
4000 88 1000000 0
4000 298 300000 0
4000 355 1000000 0
4000 1390 100000 0
4000 1756 50000 0
4000 1773 300000 0
4000 2411 500000 0
4000 2914 300000 0
4000 3370 500000 0
4000 3499 1000000 0
4000 3640 500000 0
4000 3971 500000 0
4000 4439 300000 0
4000 4898 1000000 0
4000 20142 1000000 0
4038 5687 500000 0
4250 2008 500000 0
4250 2115 500000 0
4286 6522 500000 0
4346 18656 100000 0
4350 1786 500000 0
4465 1534 500000 0
4500 392 500000 0
4500 395 -99 0
4500 2316 25000 0
4500 2406 300000 0
4500 3046 500000 0
4500 3358 1000000 0
4500 4420 500000 0
4500 7669 1000000 0
4535 1542 1000000 0
4568 6180 500000 0
4600 6004 500000 0
4675 2588 1000000 0
4700 5586 500000 0
4750 2894 300000 0
4750 5293 500000 0
4750 32362 1000000 0
4833 5588 500000 0
5000 25 -99 0
5000 135 -99 0
5000 137 300000 0
5000 150 -99 0
5000 187 500000 0
5000 310 1000000 0
5000 333 -99 0
5000 492 5000000 0
5000 571 100000 0
5000 622 500000 0
5000 627 -99 0
5000 704 500000 0
5000 721 -99 0
5000 830 5000 1
5000 1000 500000 0
5000 1162 500000 0
5000 1242 400000 0
5000 1316 500000 0
5000 1398 500000 0
5000 1764 100000 0
5000 1764 500000 0
5000 1849 250000 0
5000 1920 500000 0
5000 1965 300000 0
5000 2140 300000 0
5000 2331 -99 0
5000 2391 500000 0
5000 2646 1000000 0
5000 2932 500000 0
5000 3289 500000 0
5000 3427 5000 1
5000 3604 1000000 0
5000 3617 -99 0
5000 4155 1000000 0
5000 4158 1000000 0
5000 4336 40000 0
5000 4445 1000000 0
5000 4618 500000 0
5000 4696 300000 0
5000 4756 -99 0
5000 4885 250000 0
5000 4964 500000 0
5000 5012 500000 0
5000 5235 1000000 0
5000 5614 50000 0
5000 5615 300000 0
5000 5747 300000 0
5000 6226 100000 0
5000 6292 500000 0
5000 6719 1000000 0
5000 6843 500000 0
5000 7009 -99 0
5000 7009 -99 0
5000 7044 -99 0
5000 7204 -99 0
5000 7279 500000 0
5000 7381 500000 0
5000 8085 300000 0
5000 8102 300000 0
5000 8541 2500000 0
5000 8758 250000 0
5000 8897 500000 0
5000 8909 300000 0
5000 9858 500000 0
5000 12812 300000 0
5000 13165 300000 0
5000 13576 500000 0
5000 14683 -99 0
5000 16014 300000 0
5000 16099 1000000 0
5000 25477 25000 0
5000 37264 500000 0
5003 5093 500000 0
5010 6101 100000 0
5097 9437 500000 0
5115 20383 1000000 0
5250 4293 300000 0
5390 44666 -99 0
5400 9318 50000 0
5500 101 500000 0
5500 1293 1000000 0
5500 1309 500000 0
5500 1905 500000 0
5500 2874 300000 0
5500 3412 500000 0
5500 3833 500000 0
5500 7459 500000 0
5500 10344 500000 0
5577 7001 500000 0
5600 4346 500000 0
5600 6387 1000000 0
5619 2798 500000 0
5625 5571 1000000 0
5625 29211 1000000 0
5655 974 500000 0
5750 7897 500000 0
5750 34474 -99 0
6000 492 500000 0
6000 904 -99 0
6000 1307 -99 0
6000 2101 1000000 0
6000 2754 500000 0
6000 3719 25000 0
6000 4389 50000 0
6000 5823 500000 0
6000 7106 500000 0
6000 7313 500000 0
6000 7322 1000000 0
6000 8520 300000 0
6000 10136 500000 0
6000 11741 500000 0
6000 12383 500000 0
6000 149962 1000000 0
6066 1523 500000 0
6075 6244 1000000 0
6240 6765 500000 0
6403 5111 50000 0
6406 274 1000000 0
6441 9084 100000 0
6500 185 -99 0
6500 895 300000 0
6500 1194 -99 0
6500 1789 500000 0
6500 3698 300000 0
6500 4914 500000 0
6500 8154 1000000 0
6500 17397 500000 0
6538 12277 500000 0
6550 3295 300000 0
6666 9046 1000000 0
6719 18254 -99 0
6750 518 500000 0
6750 2524 1000000 0
6750 3919 500000 0
6907 2383 250000 0
7000 50 -99 0
7000 1900 1000000 0
7000 3431 300000 0
7000 3451 1000000 0
7000 3944 1000000 0
7000 10593 -99 0
7000 12909 300000 0
7000 15780 500000 0
7000 16246 500000 0
7500 150 -99 0
7500 266 -99 0
7500 332 500000 0
7500 500 -99 0
7500 508 500000 0
7500 562 500000 0
7500 695 25000 0
7500 754 500000 0
7500 1351 500000 0
7500 1449 500000 0
7500 1557 1000000 0
7500 2615 500000 0
7500 2873 300000 0
7500 3285 1000000 0
7500 3775 -99 0
7500 3986 1000000 0
7500 4057 500000 0
7500 4738 500000 0
7500 4949 1000000 0
7500 5006 500000 0
7500 5244 500000 0
7500 5457 1000000 0
7500 5732 300000 0
7500 7064 250000 0
7500 7083 300000 0
7500 7318 1000000 0
7500 7340 500000 0
7500 7624 500000 0
7500 7894 1000000 0
7500 7904 300000 0
7500 8711 500000 0
7500 11488 500000 0
7500 11724 1000000 0
7500 11949 -99 0
7500 13281 -99 0
7500 13342 500000 0
7500 13620 500000 0
7500 15771 500000 0
7500 17213 1000000 0
7500 17595 1000000 0
7500 28311 1000000 0
7500 65020 500000 0
7525 1687 500000 0
7625 13517 1000000 0
7820 2763 500000 0
7857 479 1000000 0
7875 54266 1000000 0
7961 18113 100000 0
8000 1942 -99 0
8000 2099 -99 0
8000 2335 500000 0
8000 2901 500000 0
8000 2929 500000 0
8000 9671 300000 0
8000 12167 500000 0
8000 13251 500000 0
8036 1450 300000 0
8223 23351 50000 0
8250 1521 1000000 0
8330 5890 -99 0
8333 3379 500000 0
8333 5116 1000000 0
8333 9486 500000 0
8333 31367 1000000 0
8366 5726 300000 0
8500 1060 -99 0
8500 1781 300000 0
8500 2791 -99 0
8500 3484 -99 0
8500 3869 100000 0
8500 5403 500000 0
8500 8721 100000 0
8500 15780 500000 0
8520 4189 100000 0
8555 15987 300000 0
8640 1146 500000 0
8703 11546 300000 0
8750 2682 -99 0
8827 3329 1000000 0
8939 16252 1000000 0
9000 406 -99 0
9000 1694 500000 0
9000 2337 250000 0
9000 2378 1000000 0
9000 2517 500000 0
9000 4602 300000 0
9000 7823 250000 0
9000 11761 300000 0
9000 16732 1000000 0
9093 7998 300000 0
9250 28 -99 0
9250 6238 500000 0
9250 23557 100000 0
9427 1978 100000 0
9500 1966 500000 0
9500 2995 300000 0
9500 3593 1000000 0
9500 11243 500000 0

10000 169 -99 0
10000 255 500000 0
10000 258 500000 0
10000 386 1000000 0
10000 470 1000000 0
10000 699 1000000 0
10000 927 1000000 0
10000 1174 -99 0
10000 1561 500000 0
10000 1573 1500000 0
10000 1656 500000 0
10000 1779 500000 0
10000 1787 1000000 0
10000 1790 300000 0
10000 1844 300000 0
10000 2049 500000 0
10000 2129 500000 0
10000 2223 300000 0
10000 2748 1000000 0
10000 2907 500000 0
10000 2976 500000 0
10000 3526 1000000 0
10000 3628 300000 0
10000 3667 -99 0
10000 4007 -99 0
10000 4348 -99 0
10000 4421 500000 0
10000 4493 1000000 0
10000 5111 500000 0
10000 5192 500000 0
10000 5247 1000000 0
10000 5560 300000 0
10000 5650 500000 0
10000 6422 500000 0
10000 6476 500000 0
10000 7498 500000 0
10000 7700 -99 0
10000 7909 1000000 0
10000 8226 100000 0
10000 8293 500000 0
10000 8623 500000 0
10000 9802 300000 0
10000 9854 500000 0
10000 9875 500000 0
10000 10623 300000 0
10000 10826 50000 0
10000 10829 1000000 0
10000 11065 500000 0
10000 11257 -99 0
10000 11410 250000 0
10000 11499 500000 0
10000 11563 1000000 0
10000 11793 1000000 0
10000 11989 -99 0
10000 12089 300000 0
10000 16301 500000 0
10000 16663 1000000 0
10000 17053 -99 0
10000 18587 500000 0
10000 19425 1000000 0
10000 23461 500000 0
10000 25133 250000 0
10000 25305 500000 0
10000 28942 500000 0
10000 32239 300000 0
10000 36245 -99 0
10000 96952 1000000 0
10081 1303 -99 0
10199 1578 100000 0
10250 16928 300000 0
10250 29077 50000 0
10899 4680 500000 0
11000 809 100000 0
11000 1532 300000 0
11000 2924 1000000 0
11000 3576 500000 0
11000 3970 25000 0
11000 4372 100000 0
11000 4514 500000 0
11000 4707 100000 0
11000 9117 500000 0
11000 23362 300000 0
11097 14580 500000 0
11120 4619 300000 0
11280 14353 1000000 0
11425 16664 250000 0
11500 1076 1000000 0
11667 6845 1000000 0
11723 1316 300000 0
11750 853 -99 0
11920 2869 1000000 0
12000 202 -99 0
12000 1200 100000 0
12000 1580 100000 0
12000 2347 -99 0
12000 2521 500000 0
12000 2748 -99 0
12000 4523 1000000 0
12000 9014 100000 0
12100 16320 500000 0
12500 165 -99 0
12500 325 -99 0
12500 552 1000000 0
12500 673 500000 0
12500 935 100000 0
12500 2530 500000 0
12500 4608 300000 0
12500 4932 250000 0
12500 6160 500000 0
12500 6234 150000 0
12500 6309 300000 0
12500 8375 500000 0
12500 10371 1000000 0
12500 10496 500000 0
12500 11897 500000 0
12500 12297 100000 0
12500 13842 500000 0
12500 14220 100000 0
12500 14266 500000 0
12500 14674 300000 0
12566 3270 1000000 0
12608 2100 1000000 0
12800 4417 1000000 0
12821 47257 1000000 0
12830 26 1000000 0
12875 6721 500000 0
12875 7815 500000 0
13000 26993 500000 0
13000 28847 1000000 0
13242 8814 1000000 0
13333 6667 1000000 0
13450 2368 1000000 0
13500 111 100000 0
13500 700 500000 0
13500 6096 500000 0
13500 15302 50000 0
13750 4295 1000000 0
13750 15352 300000 0
13825 3208 1000000 0
14000 687 500000 0
14000 2201 300000 0
14000 3947 300000 0
14000 8369 -99 0
14000 10969 1000000 0
14500 625 -99 0
14500 3072 1000000 0
14598 3077 500000 0
14721 3959 250000 0
14750 28217 -99 0
14875 263 300000 0
14983 4977 500000 0
15000 24 500000 0
15000 168 1000000 0
15000 480 1000000 0
15000 1103 500000 0
15000 1830 500000 0
15000 2007 300000 0
15000 2072 -99 0
15000 2191 -99 0
15000 2194 1000000 0
15000 2475 500000 0
15000 2561 -99 0
15000 2643 500000 0
15000 2977 250000 0
15000 3003 500000 0
15000 3036 300000 0
15000 3183 1000000 0
15000 3324 300000 0
15000 3429 1000000 0
15000 3525 100000 0
15000 3598 1000000 0
15000 3689 500000 0
15000 4012 -99 0
15000 4541 1000000 0
15000 4587 300000 0
15000 5000 300000 0
15000 5009 500000 0
15000 5110 1000000 0
15000 5531 500000 0
15000 6134 500000 0
15000 6326 1000000 0
15000 6766 1000000 0
15000 6890 1000000 0
15000 7196 1000000 0
15000 7231 300000 0
15000 7288 500000 0
15000 7415 300000 0
15000 7904 500000 0
15000 8060 300000 0
15000 8634 500000 0
15000 9151 500000 0
15000 9357 500000 0
15000 13499 100000 0
15000 14727 500000 0
15000 15604 300000 0
15000 20615 1000000 0
15000 26482 500000 0
15000 58507 1000000 0
15000 59884 100000 0
15000 129435 1000000 0
15001 5174 300000 0
15069 1403 300000 0
15078 16698 500000 0
15086 489 500000 0
15285 7635 100000 0
15500 1319 500000 0
15500 2950 100000 0
15500 3886 100000 0
15552 6290 500000 0
15643 13866 1000000 0
15833 2422 1000000 0
16000 4906 500000 0
16153 3717 300000 0
16486 6490 1000000 0
16500 1117 50000 0
16500 2791 100000 0
16500 4104 500000 0
16500 5144 500000 0
16500 6657 -99 0
16500 8763 500000 0
16500 15819 1000000 0
16666 12105 500000 0
16667 971 500000 0
16667 2333 500000 0
16667 5643 250000 0
17258 25859 -99 0
17327 8706 500000 0
17350 16096 500000 0
17500 2226 300000 0
17500 2520 300000 0
17500 3000 500000 0
17500 5936 1000000 0
17500 7525 -99 0
17500 11575 500000 0
17500 16137 500000 0
17500 21740 250000 0
17500 23586 500000 0
17770 3032 300000 0
18000 358 500000 0
18000 708 -99 0
18000 3100 1000000 0
18000 3419 500000 0
18000 8242 1000000 0
18000 8775 500000 0
18136 11034 1000000 0
18175 312 300000 0
18333 9440 500000 0
18358 8724 100000 0
18444 20203 500000 0
18500 504 500000 0
18500 4015 500000 0
18500 11070 500000 0
18500 12138 50000 0
18544 2441 500000 0
18706 10557 100000 0
18706 13576 100000 0
18750 10747 500000 0
18750 18458 100000 0
19000 4602 300000 0
19000 4870 -99 0
19000 8260 -99 0
19375 3333 1000000 0
19500 7088 1000000 0
19500 12569 1000000 0
19500 13674 300000 0
19500 16744 75000 0
19622 25634 100000 0
19833 212 -99 0
20000 325 1000000 0
20000 1447 500000 0
20000 2336 1000000 0
20000 2760 500000 0
20000 2774 -99 0
20000 2863 1000000 0
20000 3895 500000 0
20000 4137 1000000 0
20000 4436 50000 0
20000 4542 2500000 0
20000 5095 25000 0
20000 5108 -99 0
20000 5647 500000 0
20000 8103 1000000 0
20000 9971 500000 0
20000 10841 500000 0
20000 11888 100000 0
20000 12304 300000 0
20000 13218 300000 0
20000 14078 500000 0
20000 14417 500000 0
20000 14999 500000 0
20000 16223 500000 0
20000 16312 500000 0
20000 17905 -99 0
20000 18124 100000 0
20000 23484 1000000 0
20000 25026 1000000 0
20000 32093 500000 0
20000 36109 300000 0
20000 36572 1000000 0
20000 70435 300000 0
20800 18289 50000 0
20802 12980 100000 0
20863 8694 500000 0
21000 1256 300000 0
21000 2642 500000 0
21000 2727 -99 0
21000 2981 300000 0
21000 13442 300000 0
21013 8176 500000 0
21110 2344 300000 0
21136 11244 500000 0
21274 5424 500000 0
21557 5519 300000 0
21666 5116 1000000 0
21678 15 -99 0
21701 18825 1000000 0
21875 23155 1000000 0
21951 9348 100000 0
22000 3483 -99 0
22000 3884 50000 0
22000 7728 500000 0
22000 43454 500000 0
22035 409 1000000 0
22105 2485 1000000 0
22500 731 -99 0
22500 1179 500000 0
22500 1720 1000000 0
22500 1997 500000 0
22500 4892 1000000 0
22500 5250 1000000 0
22500 7151 300000 0
22500 7309 300000 0
22500 10366 1000000 0
22500 10991 300000 0
22500 12170 500000 0
22940 24987 100000 0
22963 5675 1000000 0
23000 5036 500000 0
23000 10622 100000 0
23000 20237 -99 0
23300 18896 1000000 0
23320 4986 1000000 0
23759 2586 1000000 0
24000 1080 1000000 0
24014 4177 500000 0
24334 17688 1000000 0
24357 19934 250000 0
24464 1954 300000 0
24570 4919 500000 0
25000 360 75000 0
25000 387 500000 0
25000 535 -99 0
25000 583 1000000 0
25000 1084 500000 0
25000 1199 500000 0
25000 1652 300000 0
25000 2012 500000 0
25000 2588 1000000 0
25000 3094 100000 0
25000 4508 500000 0
25000 5230 25000 1
25000 5731 750000 0
25000 5998 100000 0
25000 6419 -99 0
25000 7004 1000000 0
25000 7057 50000 0
25000 7081 500000 0
25000 7227 500000 0
25000 7253 500000 0
25000 7920 1000000 0
25000 9089 25000 1
25000 9093 300000 0
25000 9814 1000000 0
25000 10726 500000 0
25000 13334 300000 0
25000 13948 300000 0
25000 15116 1000000 0
25000 16118 -99 0
25000 18118 75000 0
25000 18155 500000 0
25000 18238 25000 1
25000 20694 300000 0
25000 20737 -99 0
25000 22020 500000 0
25000 22857 500000 0
25000 22929 1000000 0
25000 26332 -99 0
25000 55472 300000 0
25000 56519 250000 0
25002 20999 1000000 0
25045 47560 100000 0
25187 18409 500000 0
25250 4389 300000 0
25396 45945 500000 0
25507 6782 500000 0
25700 3332 500000 0
25789 33437 300000 0
25800 2931 500000 0
25883 12181 50000 0
26000 1908 500000 0
26000 6111 1500000 0
26075 2316 300000 0
26250 4966 300000 0
26250 55213 500000 0
27000 2533 500000 0
27000 29273 300000 0
27300 1839 1000000 0
27500 2176 1000000 0
27500 2381 500000 0
27500 4211 1000000 0
27500 19887 1000000 0
28000 3111 500000 0
28130 14568 500000 0
28281 2350 500000 0
28333 6695 300000 0
28650 8034 300000 0
28750 12375 -99 0
29026 6384 500000 0
29890 2710 500000 0
30000 35 1000000 0
30000 657 1000000 0
30000 2172 -99 0
30000 3803 500000 0
30000 3829 500000 0
30000 3996 500000 0
30000 4850 500000 0
30000 4908 1000000 0
30000 5519 1000000 0
30000 6365 1000000 0
30000 7023 -99 0
30000 7439 500000 0
30000 7960 500000 0
30000 8312 100000 0
30000 9631 -99 0
30000 11353 500000 0
30000 12647 300000 0
30000 18728 500000 0
30000 20221 500000 0
30000 24706 500000 0
30000 38018 500000 0
30000 39831 1000000 0
30001 7890 1000000 0
30064 2208 500000 0
30750 8619 1000000 0
30811 19332 500000 0
31000 1395 500000 0
31005 14182 100000 0
31250 3851 100000 0
31428 23004 300000 0
31882 7237 500000 0
32000 5889 500000 0
32000 8930 500000 0
32000 10364 500000 0
32000 39297 100000 0
32500 798 500000 0
32500 2638 1000000 0
32500 3750 300000 0
32500 4404 1000000 0
32500 7839 1000000 0
32500 19667 500000 0
32500 27592 100000 0
33073 7845 -99 0
33333 11562 300000 0
33333 53048 1000000 0
33868 6715 500000 0
34000 40782 -99 0
34186 8190 1000000 0
34190 10853 100000 0
34625 23407 100000 0
34997 6681 1000000 0
35000 1330 1000000 0
35000 1577 1000000 0
35000 2442 300000 0
35000 3577 100000 0
35000 4500 300000 0
35000 4541 100000 0
35000 5553 1000000 0
35000 10112 500000 0
35000 17118 1000000 0
35000 19397 300000 0
35000 20399 -99 0
35000 25962 1000000 0
35000 46953 500000 0
35000 81128 500000 0
35104 7570 500000 0
36573 3242 500000 0
37500 6946 1000000 0
37749 16290 500000 0
37886 3128 1000000 0
37936 15550 300000 0
38065 6892 500000 0
38200 70922 500000 0
38696 78345 500000 0
38843 7883 500000 0
38998 3013 500000 0
39060 444 500000 0
40000 2019 -99 0
40000 3502 300000 0
40000 4440 -99 0
40000 9066 300000 0
40000 10177 1000000 0
40000 10747 500000 0
40000 15706 1000000 0
40000 21083 500000 0
40000 31532 100000 0
40000 44088 300000 0
40000 66524 500000 0
40052 4397 -99 0
40461 1469 -99 0
40500 617 100000 0
41000 20098 300000 0
41807 17560 1000000 0
41845 14127 300000 0
42000 7872 500000 0
42500 88534 500000 0
42717 14107 300000 0
43000 8392 500000 0
43000 29307 500000 0
43500 8007 300000 0
43500 12177 500000 0
44887 2178 -99 0
45000 1182 1000000 0
45000 1820 500000 0
45000 3009 500000 0
45000 4941 300000 0
45000 7735 500000 0
45000 9134 -99 0
45000 9250 500000 0
45000 10411 1000000 0
45000 17557 250000 0
45000 19167 1000000 0
45000 21841 100000 0
45000 23088 50000 0
45000 37529 1000000 0
45666 5103 500000 0
45955 3069 300000 0
46000 20440 500000 0
46250 18874 1000000 0
47370 11834 300000 0
47500 434 1000000 0
47500 815 -99 0
47500 2238 300000 0
47500 4956 -99 0
47500 5013 500000 0
47500 12856 1000000 0
47500 42966 500000 0
48000 3562 500000 0
48349 50611 500000 0
49050 17567 500000 0
49412 77477 -99 0
50000 55 50000 1
50000 480 -99 0
50000 500 500000 0
50000 1636 100000 0
50000 2165 1000000 0
50000 2280 50000 1
50000 2809 500000 0
50000 2881 300000 0
50000 2985 -99 0
50000 3048 -99 0
50000 3403 500000 0
50000 3565 500000 0
50000 3634 50000 1
50000 4094 50000 1
50000 4292 50000 1
50000 5441 500000 0
50000 5974 500000 0
50000 7669 500000 0
50000 8726 50000 1
50000 9231 1000000 0
50000 9609 500000 0
50000 10775 1000000 0
50000 11259 500000 0
50000 11725 50000 1
50000 12210 500000 0
50000 12344 300000 0
50000 15687 300000 0
50000 16303 1000000 0
50000 17768 100000 0
50000 25661 500000 0
50000 25922 500000 0
50147 21547 500000 0
50176 15000 1000000 0
50500 2606 300000 0
50899 18172 100000 0
51015 6445 500000 0
51085 5485 1000000 0
52500 11333 500000 0
54000 913 300000 0
54250 8312 100000 0
55000 830 300000 0
55000 2128 -99 0
55000 22981 500000 0
55000 24889 500000 0
55000 29327 500000 0
55651 23391 1000000 0
56057 48076 500000 0
56062 210 300000 0
57000 14709 500000 0
57500 10983 500000 0
57500 15484 300000 0
57808 38341 300000 0
58064 11863 500000 0
58101 12691 300000 0
59232 1108 500000 0
60000 2438 1000000 0
60000 4095 -99 0
60000 4519 100000 0
60000 4560 1000000 0
60000 4762 1000000 0
60000 6118 500000 0
60000 9812 -99 0
60000 42230 500000 0
60087 2580 1000000 0
60250 501863 500000 0
62079 17280 1000000 0
62500 12750 1000000 0
62959 27738 500000 0
63000 4881 300000 0
65000 559 500000 0
65000 5534 1000000 0
65000 6756 500000 0
65000 13762 300000 0
65544 27671 500000 0
65613 13319 500000 0
66933 19458 500000 0
67500 25767 500000 0
67500 160581 1000000 0
70000 1900 500000 0
70000 2333 100000 0
70000 4555 300000 0
70000 14253 1000000 0
70000 14878 300000 0
70000 22114 250000 0
70000 39247 500000 0
70001 7177 500000 0
71000 40 300000 0
71459 4633 100000 0
71710 2756 300000 0
72000 4966 100000 0
72500 799 1000000 0
73000 13391 500000 0
73000 15756 500000 0
73157 20495 300000 0
73614 214 500000 0
74700 16063 300000 0
74970 12608 -99 0
75000 574 -99 0
75000 3451 500000 0
75000 5542 500000 0
75000 6125 3000000 0
75000 6833 1000000 0
75000 11877 300000 0
75000 12851 75000 1
75000 15913 1000000 0
75000 17236 500000 0
75000 17687 250000 0
75000 19213 -99 0
75000 23566 100000 0
75000 26232 1000000 0
75000 30401 500000 0
75000 36703 500000 0
75000 46494 500000 0
75000 72060 500000 0
76100 1936 500000 0
76991 25949 500000 0
80000 4863 500000 0
80000 5985 1000000 0
80000 16731 1000000 0
82500 16452 500000 0
83500 8072 500000 0
84000 4730 1000000 0
85000 18284 100000 0
86311 37711 500000 0
86667 5792 1000000 0
87500 16677 300000 0
88000 2908 500000 0
88803 5203 1000000 0
90000 3367 1000000 0
90000 3764 500000 0
90000 5097 500000 0
90000 6959 300000 0
90451 18232 300000 0
92317 12965 1000000 0
92522 60435 1000000 0
93000 31812 500000 0
93868 89826 300000 0
95000 12398 500000 0
95963 14008 1000000 0
97000 8811 1000000 0
97000 18919 500000 0
98087 3944 500000 0
98844 12644 500000 0
99632 6431 5000000 0
99991 22092 300000 0

100000 557 100000 1
100000 1416 500000 0
100000 2287 1000000 0
100000 4842 100000 1
100000 7270 100000 1
100000 10312 1000000 0
100000 12815 100000 1
100000 13820 -99 0
100000 15268 300000 0
100000 17550 300000 0
100000 21166 250000 0
100000 22706 500000 0
100000 25034 500000 0
100000 25256 500000 0
100000 28013 100000 1
100000 30149 1000000 0
100000 34716 100000 1
100000 38516 100000 1
100000 71350 100000 1
100000 107192 300000 0
100000 211573 100000 1
101000 101622 500000 0
101276 4210 500000 0
101422 9513 1000000 0
103127 60487 1000000 0
103264 7434 500000 0
104518 4825 300000 0
104767 166893 1000000 0
105000 1782 -99 0
105000 35055 500000 0
108000 9516 500000 0
109500 31422 500000 0
110000 2004 300000 0
110000 7475 500000 0
110000 12143 500000 0
110659 48062 1000000 0
112000 17645 500000 0
115000 7571 1000000 0
120000 89365 1000000 0
120475 13098 500000 0
124999 2257 300000 0
125000 4249 1000000 0
125000 10093 300000 0
125000 11308 1500000 0
125000 13227 1000000 0
125000 14970 1000000 0
125000 19671 300000 0
130000 46359 1000000 0
130050 13364 500000 0
130555 18721 500000 0
135000 2229 1000000 0
135000 42863 300000 0
137500 99412 500000 0
138133 22464 300000 0
140000 4698 500000 0
140837 10292 1000000 0
145151 14082 1000000 0
149750 32370 500000 0
150000 4773 -99 0
150000 6695 1000000 0
150000 6945 300000 0
150000 12042 1000000 0
150000 20887 500000 0
150000 46507 500000 0
150494 1588 500000 0
151084 35252 1000000 0
151152 155640 500000 0
152744 6496 500000 0
153874 21354 500000 0
155885 4104 500000 0
157499 64690 500000 0
160300 17881 500000 0
161187 17601 500000 0
166500 21607 500000 0
167000 53829 1000000 0
168751 6114 500000 0
170000 38276 500000 0
178000 1031 500000 0
183095 5717 500000 0
184925 48811 300000 0
187113 180615 500000 0
192500 46777 500000 0
200000 277 -99 0
200000 7846 500000 0
200000 20095 500000 0
200000 23137 1000000 0
200000 27903 1000000 0
200000 61709 500000 0
200000 67782 1000000 0
200678 32414 1000000 0
209122 25116 1000000 0
210000 7357 -99 0
210000 63903 300000 0
215231 36573 1000000 0
215303 41532 500000 0
225000 6603 500000 0
225000 12720 2000000 0
225562 45613 1000000 0
235000 38157 1000000 0
244000 41946 500000 0
245834 63433 500000 0
250000 5448 -99 0
250000 24087 1000000 0
250000 55068 500000 0
251981 27774 500000 0
260000 11875 500000 0
270000 10530 500000 0
275000 3510 300000 0
275000 12271 300000 0
275000 15748 300000 0
275000 29638 1000000 0
278705 306072 500000 0
289146 21359 1000000 0
289428 23086 500000 0
300000 310 300000 1
300000 9819 300000 1
300000 25373 300000 1
300000 48619 300000 1
300000 55010 500000 0
300000 62321 300000 1
301090 68630 500000 0
316694 61706 -99 0
320000 36559 500000 0
337500 15358 1000000 0
365600 131678 500000 0
370005 56123 500000 0
371654 69658 500000 0
373915 10261 1000000 0
375000 28384 500000 0
379940 25670 500000 0
412998 45095 500000 0
432500 7294 500000 0
445000 28192 750000 0
449663 142227 500000 0
465000 27272 500000 0
474400 160265 1000000 0
475000 65248 500000 0
480529 186670 500000 0
496559 31738 500000 0
500000 15534 500000 1
500000 38242 500000 1
500000 49617 1000000 0
500000 55080 500000 1
500000 55388 500000 1
500000 280202 500000 1
500000 467246 -99 0
750000 2940 -99 0
838701 3662 1000000 0
854867 61239 1000000 0

1000000 43966 1000000 1
1000000 135653 1000000 1
2173595 134743 2500000 0
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ Summary statistics of data

Loss ALAE Policy Limit Loss (Uncensored) Loss (Censored)

Number 1,500 1,500 1,352 1,466 34
Mean 41,208 12,588 559,098 37,110 217,491
Median 12,000 5,471 500,000 11,048 100,000
Std Deviation 102,748 28,146 418,649 92,513 258,205
Minimum 10 15 5,000 10 5,000
Maximum 2,173,595 501,863 7,500,000 2,173,595 1,000,000
25th quantile 4,000 2,333 300,000 3,750 50,000
75th quantile 35,000 12,577 1,000,000 32,000 300,000
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ loss vs ALAE
par(mfrow = c(1, 2), pty = "s")
plot(log(Loss.ALAE$LOSS), log(Loss.ALAE$ALAE), main = "LOSS vs ALAE on a log scale",

pch = 20)
plot(pobs(log(Loss.ALAE$LOSS)), pobs(log(Loss.ALAE$ALAE)), main = "Empirical copula of LOSS vs ALAE",

pch = 20)
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

par(mfrow = c(1, 2), pty = "s")
BiCopKDE(pobs(log(Loss.ALAE$LOSS)), pobs(log(Loss.ALAE$ALAE)))
BiCopKDE(pobs(log(Loss.ALAE$LOSS)), pobs(log(Loss.ALAE$ALAE)),

margins = "unif")
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ Maximum likelihood estimation

Case 1: loss variable is not censored, i.e. δ = 0.

f (x1, x2) = f1 (x1) f2 (x2) C12 (F1 (x1) ,F2 (x2))

where C12(u1, u2) = ∂C(u1,u2)
∂u1∂u2

. - Case 2: loss variable is censored, i.e. δ = 1.

∂
∂x2

P (X1 > x1,X2 ≤ x2) = ∂
∂x2

[F2 (x2) − F (x1, x2)]

= f2 (x2) − ∂
∂x2

F (x1, x2)

= f2 (x2) [1 − C2 (F1 (x1) ,F2 (x2))]

where Ci(u1, u2) = ∂C(u1,u2)
∂ui

.
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ Choice of marginals and copulas

Pareto marginals: Fk (xk) = 1 −
(

λk
λk+xk

)θk for k = 1, 2. and x > 0.
For the copulas, several candidates were used:
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ Parameter estimates
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ AIC criterion

Akaike Information Criterion (AIC)

In the absence of a better way to choosing/selecting a copula model,
one may use the AIC criterion defined by

AIC = (−2ℓ+ 2m) /n

where ℓ is the value of maximised log-likelihood, m is the number of
parameters estimated, and n is the sample size.

Lower AIC generally is preferred.
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✠ Fitting bivariate copulas ✠ Case study with censoring: ISO data

✠ Summary

To find the distribution of the sum of dependent random variables with
copulas (one approach):

1 Fit marginals independently
2 Describe/fit dependence with a copula (roughly)

Get a sense of data (scatterplots, dependence measures)
Choose candidate copulas
For each candidate, estimate parameters via MLE
Choose a copula based on nll(highest) or AIC(lowest)

3 If focusing on the sum, one might do simulations to look at the
distributions of aggregates, and how they compare with the original
data.
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Coefficients of tail dependence Motivation

Motivation

In insurance and investment applications it is the large outcomes
(losses) that particularly tend to occur together, whereas small claims
tend to be fairly independent
This is one of the reasons why tails (especially right tails) tend to be
fatter in financial applications.
A good understanding of tail behaviour is hence very important.
It is possible to derive tail properties due to dependence from a copula
model.
The indicator we are considering here is the coefficient of tail
dependence.
Tail dependence can take values between 0 (no dependence) and 1 (full
dependence).
VineCopula::BiCopPar2TailDep computes the theoretical tail
dependence coefficients for copulas of the BiCop family.
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Coefficients of tail dependence Coefficient of lower tail dependence

Coefficient of lower tail dependence

The coefficient of lower tail dependence is defined as

λL = lim
u→0+

Pr
[
X1 ≤ F −1

X1
(u)

∣∣∣X2 ≤ F −1
X2

(u)
]

= lim
u→0+

C(u, u)
u .

Examples (note the extensive use of de l’Hospital rule):

λind
L = lim

u→0+

u · u
u = lim

u→0+
u = 0

λClayton
L = lim

u→0+

(
2u−θ − 1

)−1/θ

u = lim
u→0+

(
2 − uθ

)−1/θ
u

u

= lim
u→0+

(
2 − uθ

)−1/θ
= 2−1/θ =

(1
2

) 1
θ

The lower tail of the Clayton copula is comprehensive in that it allows for
tail coefficients of 0 (as θ → 0 ) to 1 (as θ → ∞ ).
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Coefficients of tail dependence Coefficient of upper tail dependence

Coefficient of upper tail dependence

The coefficient of upper tail dependence is defined similarly but using the
survival copula, which yields

λU = limu→1− Pr
[
X1 ≥ F −1

X1
(u)

∣∣∣X2 ≥ F −1
X2

(u)
]

= lim
u→1−

C(1 − u, 1 − u)
1 − u = lim

u→0+

C(u, u)
u .

Note C(u, u) = 2u − 1 + C(1 − u, 1 − u). Examples:

λind
U = lim

u→1−

1 − 2u + u2

1 − u = lim
u→1−

1 − u = 0

λFrank
U = lim

u→1−

1 − 2u + 1/θ
[
log(e2θu − 2eθu + eθ) − log(eθ − 1)

]
1 − u

= lim
u→1−

−2 + 1/θ · (2θe2θu − 2θeθu)/(e2θu − 2eθu + eθ)
−1

= 0108/109
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