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Algorithms for compound distributions Preliminary: Discretisation

Preliminary: Discretisation

In the algorithms considered in this module (and in real life..!), severity
distributions are discrete.
In Module 3 we discussed how to fit parametric distributions to real
data, but these were continuous (which often allows to define a whole
df easily with just a few parameters).
This is not a restriction as the distribution of Y can easily be
discretised to an arbirary level of precision.
Different methods have different properties and are used for different
purposes.
A number of those methods are easily implemented, thanks to the
function discretise of actuar.
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Algorithms for compound distributions Preliminary: Discretisation

There are three (four) methods, all covered by the R function
actuar::discretise:

Mass dispersal (method="rounding"): a first try to allocate weights
in a rather ‘unbiased’ way. In this case, the true cdf passes through the
midpoints of the discretisation intervals.
Unbiased (method="unbiased"): this method matches the first
moment of the discretised and the true distributions.
Lower (method="lower") and Upper (method="upper") bounds,
which sandwich the correct distribution between two arbitrarily close
bounds. Here the idea is to intentionally underestimate and
overestimate the distribution. However, the gap in-between can be
chosen to be arbitrarily small.
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Algorithms for compound distributions Preliminary: Discretisation

in discretise, we will also need to specify:

step = h : a currency span (say, $10 or $100)
from = 0 : the left limit of discretisation (we set this to 0 here, a
natural bound for positive claims distributions)
to = mh : the right limit of discretisation
cdf: the distribution to discretise (in cumulative, cdf form—the pfoo
function)
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Algorithms for compound distributions Preliminary: Discretisation

Method of rounding (mass dispersal)

apportion the probability mass to a finite set of points 0, h, 2h, . . . , mh
if the range of X is not finite, m has to be chosen in order to have a
good representation of the right tail
the span h should be carefully chosen as to be relatively small
compared to the mean (beware of units!)
Let gj be the probability mass placed at jh, j = 0, 1, . . . , m. We have

g0 = G (h/2)
gj = G (jh + h/2) − G (jh − h/2) , g = 1, 2, . . . , m − 1

gm = 1 − G (mh − h/2)

such that
∑m

j=0 gj = 1.

(Note that if G is mixed and a mass happens to be at an interval threshold,
it is customary—for conservativeness—to allocate it to the next
interval, so that G would be understood as càglàd here.)
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Algorithms for compound distributions Preliminary: Discretisation

Unbiased method

Let gj be the probability mass placed at jh, j = 0, 1, . . . , m. We have

g0 = 1 − E [min(X , h)]/h
gj = (2E [min(X , j)] − E [min(X , j − h)] − E [min(X , j + h)])/h,

j = 1, 2, . . . , m − 1
gm = (E [min(X , m)] − E [min(X , m − h)])/h − (1 − G(m))

such that
∑m

j=0 gj = G(m). - Note that in this case the parameter lev
must be specified. This is an expression that computes the limited expected
value of the distribution corresponding to cdf. This is readily available in
actuar for many distributions.
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Algorithms for compound distributions Preliminary: Discretisation

Method of lower and upper bounds

Define:

G((k+1)d)−G(kd) =
{

Pr[Y +
1 = (k + 1)d ] ≡ g+

k+1 (shifted to the right)
Pr[Y −

1 = kd ] ≡ g−
k (shifted to the left)

Note that from a stochastic dominance point of view

Y +
1 (method="lower") overestimates (is larger than) Y1, whereas

Y −
1 (method="upper") underestimates (is smaller than) Y1.

This means that we can sandwich the true distribution:

Pr[Y − > y ] ≤ Pr[Y > y ] ≤ Pr[Y + > y ], or

Pr[Y − ≤ y ] ≥ Pr[Y ≤ y ] ≥ Pr[Y + ≤ y ] ⇐⇒ G+(y) ≤ G(y) ≤ G−(y).
This can be the best option, especially for patchwork distributions;
see Example 4.12 in Wuthrich (2023).9/91



Algorithms for compound distributions Preliminary: Discretisation

Examples

Let us discretise
stp <- 5
final <- 80
# these are pmf's
gamma.discr.round <- discretise(pgamma(x, 2, 0.1), from = 0,

to = final, step = stp, method = "rounding")
gamma.discr.unbia <- discretise(pgamma(x, 2, 0.1), from = 0,

to = final, step = stp, method = "unbiased", lev = levgamma(x,
2, 0.1))

gamma.discr.lower <- discretise(pgamma(x, 2, 0.1), from = 0,
to = final, step = stp, method = "lower")

gamma.discr.upper <- discretise(pgamma(x, 2, 0.1), from = 0,
to = final, step = stp, method = "upper")
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Algorithms for compound distributions Preliminary: Discretisation

length(gamma.discr.round)

## [1] 16

length(gamma.discr.unbia)

## [1] 17

length(gamma.discr.lower)

## [1] 17

length(gamma.discr.upper)

## [1] 16

Note the different lengths (either m or m + 1), although they all start with
g0.
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Algorithms for compound distributions Preliminary: Discretisation

Furthermore, the masses don’t add up to 1 necessarily:
sum(gamma.discr.round)

## [1] 0.996231

pgamma(final - stp/2, 2, 0.1)

## [1] 0.996231

sum(gamma.discr.unbia)

## [1] 0.9969808

sum(gamma.discr.lower)

## [1] 0.9969808

sum(gamma.discr.upper)

## [1] 0.9969808

pgamma(final, 2, 0.1)

## [1] 0.9969808
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Algorithms for compound distributions Preliminary: Discretisation

This is because the algorithm does not adjust for the tail:

rounding has gm = G(m + h/2) − G(m − h/2) rather than
gm = 1 − G(m − h/2) so that 1 − G(m + h/2) is missing.
unbiased has that correction −(1 − G(m)) (due to the fact that this
mass does not correspond to this interval) which is then missing.
lower has g0 = 0 and then the mass G(m) is apportioned to the end
of the m intervals. 1 − G(m) remains unallocated.
upper has its first allocation from G(m) at 0, so has one less mass in
the vector. 1 − G(m) remains unallocated.

In practice one would choose m sufficiently large so that these are issues are
not present. If they are, then, an adjustment might be necessary, and
rounding becomes the most natural one to use (just add the missing mass
at gm as per the definition above).
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Algorithms for compound distributions Preliminary: Discretisation

# getting df's
gamma.discr.round.df <- cumsum(gamma.discr.round)
gamma.discr.unbia.df <- cumsum(gamma.discr.unbia)
gamma.discr.lower.df <- cumsum(gamma.discr.lower)
gamma.discr.upper.df <- cumsum(gamma.discr.upper)
# comparing discretisation techniques
curve(pgamma(x, 2, 0.1), from = 0, to = final)
lines((0:(final/stp - 1)) * stp, gamma.discr.round.df, type = "s",

pch = 20, col = "red")
lines((0:(final/stp)) * stp, gamma.discr.unbia.df, type = "s",

pch = 20, col = "green")
lines((0:(final/stp)) * stp, gamma.discr.lower.df, type = "s",

pch = 20, col = "blue")
lines((0:(final/stp - 1)) * stp, gamma.discr.upper.df, type = "s",

pch = 20, col = "magenta")
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Algorithms for compound distributions Panjer’s recursion algorithm (MW 4.2.1)

Panjer’s recursion algorithm (MW 4.2.1)

The remarkable property of the (a, b) class of (frequency) distributions
allows us to develop a recursive method to get the distribution of S for
discrete Y ’s.
When Y is continuous, simply discretise its cdf first.
The algorithm is very stable when N is Poisson and Negative Binomial,
but less stable when N is Binomial.
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Algorithms for compound distributions Panjer’s recursion algorithm (MW 4.2.1)

Let S have a compound distribution on Y , where the following are mutually
independent:

N belongs to the (a, b) class of distributions;
Y are identically distributed, non-negative and discrete.

We have then

fS (s) = 1
1 − ag0

s∑
j=1

(
a + b j

s

)
gj fS (s − j) , s = 1, 2, . . . ,

with starting value

fS (0) =
{

Pr [N = 0] , if g0 = 0
MN [ln g0] , if g0 > 0.

Note that if gy = 0 for y > ymax then the upper bound of the sum can be
reduced to min(s, ymax).
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Algorithms for compound distributions Panjer’s recursion in R

Panjer’s recursion in R

Panjer’s recursion can be performed using the aggregateDist function
using the method="recursive".

The frequency distribution can be any of the (a, b, 0) or (a, b, 1) class
of distributions (that is, with arbitrary masses at 0).
The severity distribution must be discrete on 0, 1, . . . , m for some
monetary unit.

Important parameters include:

model.freq: name of the distribution (e.g. ="poisson")
model.sev: df of the discrete (-ised) distribution of Y
x.scale: value of an amount 1 in the severity model (monetary unit)
maxit: maximum number of iterations, which often needs to be
increased (if it is too small then the df of S does not reach 1, leading
to an error message)
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Algorithms for compound distributions Panjer’s recursion in R

Example

We want to calculate the distribution of

S =
N∑

i=1
Yi ,

where N ∼ Poi(10) and Y1 ∼ gamma(2, 0.1).
stp <- 1
final <- 200
# these are pmf's
gamma.discr.unbia <- discretise(pgamma(x, 2, 0.1), from = 0,

to = final, step = stp, method = "unbiased", lev = levgamma(x,
2, 0.1))

gamma.discr.lower <- discretise(pgamma(x, 2, 0.1), from = 0,
to = final, step = stp, method = "lower")

gamma.discr.upper <- discretise(pgamma(x, 2, 0.1), from = 0,
to = final, step = stp, method = "upper")
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Algorithms for compound distributions Panjer’s recursion in R

S.unbia.cdf <- aggregateDist(method = "recursive", model.freq = "poisson",
lambda = 10, model.sev = gamma.discr.unbia, x.scale = stp,
maxit = 1000)

S.lower.cdf <- aggregateDist(method = "recursive", model.freq = "poisson",
lambda = 10, model.sev = gamma.discr.lower, x.scale = stp,
maxit = 1000)

S.upper.cdf <- aggregateDist(method = "recursive", model.freq = "poisson",
lambda = 10, model.sev = gamma.discr.upper, x.scale = stp,
maxit = 1000)

plot(S.unbia.cdf, pch = 20, xlim = c(0, 500), col = "black",
cex = 0.5)

lines(S.upper.cdf, pch = 20, col = "blue", cex = 0.5)
lines(S.lower.cdf, pch = 20, col = "magenta", cex = 0.5)
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Algorithms for compound distributions Panjer’s recursion for compound Poisson

Panjer’s recursion for compound Poisson

If S ∼ compound Poisson(λ, gx ) the algorithm reduces to

fS (s) = λ

s

s∑
j=1

j gj fS (s − j) .

with starting value
fS (0) = eλ(g0−1)

(whether g0 is positive or not).
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Algorithms for compound distributions Panjer’s recursion for compound Poisson

Example A 12.4.2 (recomputed)

Effectively, the recursion formula boils down to

fS (s) = 1
s [0.2fS (s − 1) + 0.6fS (s − 2) + 0.9fS (s − 3)] , (for s > 2)

with starting value

fS (0) = Pr [N = 0] = e−0.8 = 0.44933.

We have then

fS (1) = 0.2fS (0) = 0.2e−0.8 = 0.089866
fS (2) = 1

2 [0.2fS (1) + 0.6fS (0)] = 0.32e−0.8 = 0.14379
fS (3) = 1

3 [0.2fS (2) + 0.6fS (1) + 0.9fS (0)] = 0.3613e−0.8 = 0.16236
etc . . .
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Algorithms for compound distributions Panjer’s recursion for compound Poisson

fs <- aggregateDist(method = "recursive", model.freq = "poisson",
lambda = 0.8, model.sev = c(0, 0.25, 0.375, 0.375), x.scale = 1)

diff(fs)[1:4]

## [1] 0.44932896 0.08986579 0.14378527 0.16235753
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Algorithms for compound distributions Panjer’s recursion for compound Poisson

plot(fs)
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Algorithms for compound distributions ✠ de Pril’s recursion algorithm

✠ de Pril’s recursion algorithm

As a corollary, a recursion algorithm can be developed for the n-th
convolution of a non-negative and discrete random variable Y with positive
mass of probability at 0. Let gk be its pmf.

First let us rewrite

MY (t) =
∑∞

k=0 gketk = g0 +
∑∞

k=1 gketk

= g0 + [1 − g0]
∑∞

k=1
gk

1−g0
etk

= q + pmỸ (t).

where

q = g0,
p = 1 − g0, and
the pmf of Ỹ is: g̃0 = 0, g̃k = gk

1−g0
, k = 1, 2, · · ·.
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Algorithms for compound distributions ✠ de Pril’s recursion algorithm

Thus
E

[
et(Y1+...+Yn)

]
= (MY (t))n =

(
q + pmỸ (t)

)n
,

which means that the n-th convolution of Y is compound Binomial with
parameters (m = n, p = 1 − g0, G̃(y)), a member of the (a, b) class with

a = − p
1−p

= −1−g0
g0

,

b = (m+1)p
1−p

= (n+1)(1−g0)
g0

.
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Algorithms for compound distributions ✠ de Pril’s recursion algorithm

Applying Panjer’s algorithm yields

g∗n
k = 1

1 − ag̃0

k∑
j=1

(
a + bj

k

)
g̃jg∗n

k−j

= 1
g0

min(k,ymax)∑
j=1

[
(n + 1) j

k − 1
]

gjg∗n
k−j

with
g∗n

0 = gn
0 .

Note that the gj ’s are indeed the original ones.
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Algorithms for compound distributions ✠ de Pril’s recursion algorithm

Numerical example

Let gk = (1 + k)/10, k = 0, 1, 2 and 3. We have

g∗2
k =

min(k,3)∑
j=1

[
3 j

k − 1
]

(1 + j)g∗2
k−j with g∗2

0 = [g0]2

g∗2
0 = (0.1)2 = 0.01

g∗2
1 = [3/1 − 1] · 2 · 0.01 = 0.04

g∗2
2 = [3/2 − 1] · 2 · 0.04 + [6/2 − 1] · 3 · 0.01 = 0.10

g∗2
3 = [3/3 − 1] · 2 · 0.10 + [6/3 − 1] · 3 · 0.04 + [9/3 − 1] · 4 · 0.01 = 0.20

g∗2
4 = [3/4 − 1] · 2 · 0.20 + [6/4 − 1] · 3 · 0.10 + [9/4 − 1] · 4 · 0.04 = 0.25

g∗2
5 = [3/5 − 1] · 2 · 0.25 + [6/5 − 1] · 3 · 0.20 + [9/5 − 1] · 4 · 0.10 = 0.24

g∗2
6 = [3/6 − 1] · 2 · 0.24 + [6/6 − 1] · 3 · 0.25 + [9/6 − 1] · 4 · 0.20 = 0.16
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Algorithms for compound distributions ✠ de Pril’s recursion algorithm

brute force convolution:
pmf <- c(1/10, 2/10, 3/10, 4/10)
range <- length(pmf)
range2 <- (range - 1) * 2 + 1
pmf <- c(pmf, rep(0, (range2 - range)))
ps2.conv <- c()
for (i in 1:range2) {

ps2.conv <- c(ps2.conv, sum(pmf[1:i] * pmf[i:1]))
}
ps2.conv

## [1] 0.01 0.04 0.10 0.20 0.25 0.24 0.16
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Algorithms for compound distributions ✠ de Pril’s recursion algorithm

Using de Pril’s algorithm
ps2 <- aggregateDist(method = "recursive", model.freq = "binomial",

size = 2, prob = 1 - 1/10, model.sev = c(0, 2/10, 3/10, 4/10)/(1 -
1/10), x.scale = 1, xlim = c(0, 6))

diff(ps2)

## [1] 0.01 0.04 0.10 0.20 0.25 0.24 0.16

plot(ps2)
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✠ Fast Fourier Transform

Not covered this year.
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Approximations

Approximations

Possible motivations:

It is not possible to compute the distribution of S:
no detailed data is available except for the moments of S
technical issues (impossible to fit a tractable model to data)

The risk of having a sophisticated—but wrong—model is too high
Only limited data is available to fit the model
It may be argued that the approximation is very accurate

A quick approximation is needed.
A higher level of accuracy is not required (does not justify the
resources necessary to calculate an exact probability)

Note: let ςS ≡ γ1 and γ2(S) ≡ γ2 in this section.
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The Normal approximation (MW 4.1.1)

The Central Limit Theorem suggests that

Pr [S ≤ s] = = Pr
[

S−E [S]√
Var(S)

≤ s−E [S]√
Var(S)

]
≈ Pr

[
Z ≤ s−E [S]√

Var(S)

]
= Φ

(
s−E [S]√

Var(S)

)
,

where Z is a standard Normal random variable and where Φ (·) denotes its
cdf

The classical CLT approximation holds for a fixed number of claims.
Here, we typically have a random number of claims.
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Approximations Approximations assuming a symmetrical distribution

Assuming S ∼ CompPoi(λv , G), Theorem 4.1 of Wuthrich (2023)
states that

S − λvE [Y ]√
λvE [Y 2]

=⇒ N (0, 1) as v → ∞.

This leads to the approximation

Pr[S ≤ s] = Pr

S − λvE [Y ]√
λvE [Y 2]

≤ s − λvE [Y ]√
λvE [Y 2]

 ≈ Φ

s − λvE [Y ]√
λvE [Y 2]

 .

Note that this holds only when G has a finite second moment, which
suggests that this should be used only for Ssc.

Note that this approximation performs poorly

individual model: for small n (CLT not effective)
collective model: for small λv (compound Poisson) and small r
(compound negative binomial)
for highly skewed distributions
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Approximations Approximations assuming a symmetrical distribution

✠ Normal Power

Two levels:

NP1: this is the CLT approximation
NP2: the same idea, but with a correction taking the skewness into
account. We have

Pr
[

S − E [S]√
Var(S)

≤ s
]

≈ Φ (z)

with

s(z) = z + γ1
6

(
z2 − 1

)
or z(s) =

√
9
γ2

1
+ 6s

γ1
+ 1 − 3

γ1

NP2 is effective for S > E [S] +
√

Var(S).
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Approximations Approximations assuming a symmetrical distribution

NP1 and NP2 approximations are available with the aggregateDist
function
For instance here use on a compound Poisson random variable with
gamma distributed claims:

gamma <- 2
c <- 0.1
lambda <- 10
moments <- c(lambda * gamma/c, lambda * (gamma/cˆ2 + (gamma/c)ˆ2),

gamma * (gamma + 1) * (gamma + 2)/cˆ3/lambdaˆ(1/2)/(gamma/cˆ2 +
(gamma/c)ˆ2)ˆ(3/2))

Fs.NP1 <- aggregateDist("normal", moments = moments)
curve(Fs.NP1, xlim = c(300, 450), ylim = c(0.9, 1), col = "red",

lwd = 3)
lines(S.unbia.cdf, pch = 20, cex = 0.5)
lines(S.upper.cdf, pch = 20, col = "blue", cex = 0.5)
lines(S.lower.cdf, pch = 20, col = "magenta", cex = 0.5)
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Fs.NP2 <- aggregateDist("npower", moments = moments)
curve(Fs.NP2, xlim = c(300, 450), ylim = c(0.9, 1), col = "red",

lwd = 3)
lines(S.unbia.cdf, pch = 20, cex = 0.5)
lines(S.upper.cdf, pch = 20, col = "blue", cex = 0.5)
lines(S.lower.cdf, pch = 20, col = "magenta", cex = 0.5)
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Approximations Approximations assuming a symmetrical distribution

curve(Fs.NP2, xlim = c(200, 450), ylim = c(0.4, 1), col = "red",
lwd = 3)

lines(S.unbia.cdf, pch = 20, cex = 0.5)
lines(S.upper.cdf, pch = 20, col = "blue", cex = 0.5)
lines(S.lower.cdf, pch = 20, col = "magenta", cex = 0.5)
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Approximations Approximations using a skewed distribution

The translated gamma and LN approximations (MW 4.1.2)

Idea: Rather than correcting the CLT approximation, we use here a
distribution that is naturally (positively) skewed, and use the third moment
(skewness), which will be fitted thanks to a translation of the distribution (a
third parameter to match the third moment).

We have then

X = k + Z , where Z ∼
{

Γ(γ, c), or
LN(µ, σ2) .

Then match expected value, variance and skewness.

Note: k appears only in the expected value. It allows to shift the
distribution without affecting its scale (and central moments).
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Approximations Approximations using a skewed distribution

As an example, fitting a translated gamma (k, γ, c) to a
compPois(λv , G(y)) S ≡ X boils down to solving

E [S] = λvE [Y ] = k + γ/c;
Var(S) = λvE [Y 2] = γ/c2;
ςS = E [Y 3]

(λv)1/2E [Y 2]3/2 = 2γ−1/2;

such that

γ =
(

2(λv)1/2E [Y 2]3/2

E [Y 3]

)2
;

c =
(

γ
λvE [Y 2]

)1/2
;

k = λvE [Y ] − γ
c .
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Approximations Approximations using a skewed distribution

Properties of the translated gamma approximation:

If γ → ∞, c → ∞ and k → −∞ such that

E [S] = k + γ

c = µ (constant) and γ

c2 = σ2 (constant)

then the translated gamma converges to the Normal (µ, σ2)
distribution. In this sense, this approximation is a generalisation of
the CLT approximation.
The distribution of a compound binomial random variable
approaches the gamma distribution if the expected number of
claims is large and the claim amount distribution has relatively small
dispersion (see Theorem 12.A.1 in the Appendix of Chapter 12 of
Bowers et al. (1997)).
This approximation should be used for distributions with a positive
skewness only.
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Approximations Approximations using a skewed distribution

# matching moments:
gamma <- (2/moments[3])ˆ2
c <- (gamma/moments[2])ˆ(1/2)
k <- moments[1] - gamma/c
# check:
c(gamma/c + k, moments[1])

## [1] 200 200

c((gamma/cˆ2), moments[2])

## [1] 6000 6000

c(2 * gammaˆ(-1/2), moments[3])

## [1] 0.5163978 0.5163978

plot(200:450, pgamma(200:450 - k, shape = gamma, rate = c), xlim = c(200,
450), ylim = c(0.4, 1), col = "red", lwd = 3, type = "l",
xlab = c(""))

lines(S.unbia.cdf, pch = 20, cex = 0.5)
lines(S.upper.cdf, pch = 20, col = "blue", cex = 0.5)
lines(S.lower.cdf, pch = 20, col = "magenta", cex = 0.5)
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Approximations Approximations using a skewed distribution

curve(Fs.NP2, xlim = c(320, 390), ylim = c(0.93, 0.98), col = "red",
lwd = 1)

lines(300:450, pgamma(300:450 - k, shape = gamma, rate = c),
col = "green", lwd = 1, type = "l")

lines(S.unbia.cdf, pch = 20, cex = 0.5)
lines(S.upper.cdf, pch = 20, col = "blue", cex = 0.5)
lines(S.lower.cdf, pch = 20, col = "magenta", cex = 0.5)
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Approximations Approximations using a skewed distribution

When approximating a discrete distribution with a continuous one, a
half-integer discontinuity correction needs to be applied. Let
S ∼ Poisson(λ = 16). Possible approximations are

Translated gamma with γ = 64, c = 2 and k = −16.
CLT with E [S] = Var(S) = 16

Results are below:

Note that the discretisation techniques take this into account.
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Approximations ✠ Edgeworth’s approximation (MW 4.1.3)

✠ Edgeworth’s approximation (MW 4.1.3)

Let
Φ(k)(x) = dk

dxk Φ(x).

We have then (each term improves the accuracy)

Pr
[

S − E [S]√
Var(S)

≤ z
]

≈ Φ(z) − γ1
6 Φ(3)(z) + γ2

24Φ(4)(z) + γ2
1

72Φ(6)(z).

Note

Φ(1)(x) = φ(x) = 1√
2π

e− 1
2 x2

Φ(2)(x) = −xφ(x)
Φ(3)(x) = (x2 − 1)φ(x)

etc . . .

Problem is: it sometimes leads to negative probabilities. . .51/91
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Approximations ✠ Approximating the Individual Model with the Collective Model

✠ Approximating the Individual Model with the Collective
Model

Mainly motivated by the properties of compound distributions, in particular
the compound Poisson:

aggregation
recursive methods

We want to approximate S̃ (IRM) by S (CRM):

S̃ =
n∑

i=1
Iibi ≈ S =

n∑
i=1

Nibi ,

where Ni ∼ Poisson(λi) represents the number of claims of amount bi . S is
then compound Poisson with parameters

λ =
n∑

i=1
λi and P (x) =

n∑
i=1

λi
λ

I[bi ,∞) (x) .
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Approximations ✠ Approximating the Individual Model with the Collective Model

Two possible assumptions for λi

λi = E [Ii ] = qi : the canonical collective model
expected number of claims of size bi will be the same between the two
models
also implies equal expected claim numbers in both S̃ and S
finally

E
(

S̃
)

=
∑n

i=1 qibi = λ
∑n

i=1
qi
λ bi = E (S) , but

Var
(

S̃
)

=
∑n

i=1 qi (1 − qi) b2
i <

∑n
i=1 qib2

i = Var (S) .

λi = − ln(1 − qi) > qi
Pr[S = 0] = Pr[S̃ = 0]
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Approximations ✠ Approximating the Individual Model with the Collective Model

Example
qi <- c(0.01, 0.02, 0.03, 0.01, 0.05)
bi <- c(10, 20, 10, 20, 30)
set.seed(10052021)
nsim <- 1e+07
simulated <- cbind(c(rbinom(nsim, 1, qi[1]) * bi[1]), c(rbinom(nsim,

1, qi[2]) * bi[2]), c(rbinom(nsim, 1, qi[3]) * bi[3]), c(rbinom(nsim,
1, qi[4]) * bi[4]), c(rbinom(nsim, 1, qi[5]) * bi[5]))

simul <- rowSums(simulated)
mean(simul)

## [1] 2.497127

plot(ecdf(simul))
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Approximations ✠ Approximating the Individual Model with the Collective Model

lambdai.1 <- qi
lambda.1 <- sum(lambdai.1)
pmf.1 <- c(rep(0, 10), (lambdai.1[1] + lambdai.1[3])/lambda.1,

rep(0, 9), (lambdai.1[2] + lambdai.1[4])/lambda.1, rep(0,
9), lambdai.1[5]/lambda.1)

fs.1 <- aggregateDist("recursive", model.freq = "poisson", model.sev = pmf.1,
lambda = lambda.1)

plot(fs.1, ylim = c(0.85, 1), pch = "-")
lines(ecdf(simul), col = "red", lwd = 2)
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Approximations ✠ Approximating the Individual Model with the Collective Model

lambdai.2 <- -log(1 - qi)
lambda.2 <- sum(lambdai.2)
pmf.2 <- c(rep(0, 10), (lambdai.2[1] + lambdai.2[3])/lambda.2,

rep(0, 9), (lambdai.2[2] + lambdai.2[4])/lambda.2, rep(0,
9), lambdai.2[5]/lambda.2)

fs.2 <- aggregateDist("recursive", model.freq = "poisson", model.sev = pmf.2,
lambda = lambda.2)

plot(fs.2, ylim = c(0.85, 1), pch = "-")
lines(ecdf(simul), col = "red", lwd = 2)
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✠ Bringing it all together: SUVA case study

✠ Bringing it all together: SUVA case study

We come back to the SUVA data; see Avanzi, Cassar, and Wong
(2011).
The right tail of the medical costs will be best modelled using an
Extreme Value distribution (see Module 6), but this will result in a
poor fit in the left tail.
As a consequence we will fit the SUVA medical costs using two layers,
Ssc and Slc. If S is one medical cost claim (which can be scaled up
easily), then

S = Ssc + Slc =
Nsc∑
i=1

Xi ,sc +
Nlc∑
j=1

Xj,lc,

where Nsc ∼ Poi(λsc) and Nlc ∼ Poi(λlc), all mutually independent
with the Xsc and Xlc.
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✠ Bringing it all together: SUVA case study

The small claims layer can be tackled in different ways:
use the empirical distribution for Xsc and get the distribution of Ssc with
Panjer. This is OK if the data is smooth enough and we don’t
necessarily want the smoothing effect of a parametric distribution.
use an approximation such as translated gamma or normal power on Ssc.
This has the potential of smoothing out a coarse empirical distribution.

The large claims layer fits Xlc using EVT and then uses Panjer to get
the distribution of Slc.

A threshold of $10,000 is chosen; see Module 6 for a justification.
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3 ✠ Bringing it all together: SUVA case study
Preliminaries
Split claims
Modelling the small claims
Modelling the large claims
Getting the overall distribution
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Preliminaries

Basic parameters:
M <- 10000
data.scale <- 100

Loading data:
SUVA <- read_excel("SUVA.xls")
as_tibble(SUVA)

medcosts dailyallow

407 0
12591 13742

269 0
142 0
175 0
298 839
47 0
59 0

191 7446
159 0
332 0
226 21894
453 1144
182 410
398 2989
876 132
462 4208

3359 4687
218 0
356 0
237 0
97 0

1720 2895
385 1826
121 0

8967 29900
282 1048

1337 5925
2012 17289
155 0
125 0
35 0
60 0

182 0
48 0
40 0

7007 0
189 952
299 0
81 301

118 0
11995 0

181 0
2919 5966

18138 7144
174 0
202 0
225 0
599 3705

0 0
498 1422

11813 18333
0 1610

170 0
855 6098
222 867
47 0

462 1818
6294 10946
182 0
134 0
505 0
86 509
0 0

72 0
50 0
69 0
72 0
95 0
79 0
85 0
64 0

693 0
106 0
409 1232
226 0
195 274
60 0

297 0
143 0
127 0
447 1448

2459 0
64 0

4645 7373
264 428
79 0

271 1537
83 0
0 1419

67 0
149 75
247 0
702 3189

0 0
22829 23430

77 0
510 4319
131 2777
441 7102
463 4640
189 217
283 0
122 1489

46002 38384
195 0
141 0
79 0

2999 7190
20 0

869 0
460 1399
131 226
80 0

169 0
141 0
79 0

221 750
175 0
146 0
215 129
207 282
247 0
287 367

72731 48026
90 0

380 0
1170 4150
673 7244

1076 4228
72 0
70 0
96 0
30 0

159 0
178 0
106 0
619 0
916 0
103 0
52 0
50 0

585 1350
328 0
40 0

314 0
3730 812
242 500

3124 1630
135 572
241 0
173 0

53790 55488
97 611

385 1362
438 1129

50576 177322
49 0
76 0

184 0
73 0

115 0
40 0

1110 5578
163 0

47805 116127
110 625
747 5887
780 0
213 0
222 0
435 698
275 0
278 0
309 0
146 0
200 0

22860 52306
39 0

4114 4052
135 2394
400 0
20 0

309 0
108 0
122 0

6850 40853
127 0
79 0

267 1144
1285 4200
1506 9204
128 0
405 1645
290 3869
190 1105
328 3784
134 0
57 0

534 812
271 0
90 0

217 1084
209 2432
52 0

170 0
92 0
20 0

141 0
164 0
186 0
82 0

253 0
79 0

250 1713
244 0
79 0

318 1455
151 891
50 0

246 0
3931 10675

15 0
0 0

24 969
461 0
386 1103
193 337
277 0
243 3031
335 0
393 0
98 0

236 1419
150 0
119 0

2359 0
50 0

193 0
263 1331
141 0
327 231
533 0
160 0
231 0

3547 13267
818 4863
377 1832

5189 8042
1638 0
219 0
966 293

4473 37640
183 0
191 0
382 1509

1269 3556
204 114

0 0
135 0
208 0

8305 34872
1341 4376
243 1314

0 0
367 0
124 0
40 0

711 4414
80 0

109 0
111 548
179 981
535 2121
51 0

228 0
1572 0
2900 9657

40 0
246 0
175 0
534 1680
771 7339
240 0
529 3059
748 1167
142 0
443 2312
144 0

28101 100721
323 547
512 1244

7682 8579
99 0

240 609
201 0
114 308

26746 9595
767 1561
240 0
116 0
20 0
89 0

208 0
230 0
233 0
319 1625
495 4514
129 0
514 1952
213 0
75 0

207 0
289 0
730 4674
197 0
332 5599
173 0
213 0
654 1967
119 0
228 0
40 0

211 1324
678 4464

2495 4179
168 0
320 0
50 0

139 968
460 0
100 0

9854 34889
104 0
93 0
40 0

2747 8080
276 0

1268 4948
5971 0

40 467
499 0
504 1335
20 0

295 1967
564 1094
89 0

215 2179
0 0

40 549
1614 8166

76 0
52 0
58 0

173 0
90 0

462 0
319 308
301 761

2401 837
7119 0
403 2255
97 0

339 0
145 0

3757 5392
178 603
354 0
299 402
77 0

2247 0
138 0

2800 11967
244 0

5087 11233
237 792
204 397
67 0

4565 11573
299 1116
485 0
629 6066
123 0
152 1043
170 0
151 0

25320 63800
120 0
752 4791
119 0
638 8430
374 1836
452 1021
389 578
132 0
191 0

1949 711
20 0

221 0
193 955
615 4066

2568 0
400 0
154 0
67 0

278 0
409 974
151 0

1467 236
172 0
74 0

143 0
306 0

1413 7104
67 0

852 219
350 0
563 1264

1211 2377
167 876
228 1116
276 0
77 0

333 1354
0 0

886 1340
60 0

231 0
366 2265
423 0

1335 0
9532 15138
177 0

1048 1314
343 1441

1563 10917
187 0
133 0

1026 5770
247 0
292 99
137 0
122 0

0 0
262 0
417 265

2444 7958
607 1409
124 0
952 5399
186 141
403 0
225 253

4999 19444
20 0
97 0
67 0

324 1744
74 0
52 0
53 0

9807 16965
1233 1442
242 0
414 0
157 0
268 1895
96 0

345 0
29985 32939
8521 37257
129 0

12979 38487
4581 7814
586 234

2159 6622
1344 8153
540 0
40 0

135 0
811 2147
191 0

1100 3501
144 0

1717 3842
78 0

1601 4191
219 707

3411 7630
40 0
0 0

450 1676
122 0
741 0
76 0

261 1154
29738 322

84 0
230 0
195 0

14169 31321
470 0

2160 14964
2062 3545
989 1704
395 1414
175 2106
265 1299

44441 78508
52 0
70 0

324 0
221 0
79 0

255 0
195 0
381 0
113 0
182 0
67 0

353 0
347 7642
643 0
254 0
793 3204
287 135
229 494

0 0
67 0

181 673
3109 5719
248 841
122 379
121 0

1063 1486
205 317

0 0
1322 7375
247 1056
364 0

2380 13158
238 3740
218 805
354 613
40 0
0 0

367 0
344 1617

7834 2031
1047 5670
186 289

1255 1139
193 0

0 0
82 0

121 0
106 0
80 0

125 0
284 0

19350 22465
227 0

2728 1814
277 0
59 0

165 0
152 0

1571 1817
1090 1111
120 0
181 0
82 0

185 3446
1037 3223
548 763

97506 157015
210 0
96 0

49939 71858
321 0
789 0
403 2245
641 1770
208 0
354 1002
351 0
252 3662
477 0

3167 6897
188 0
670 0
337 0
204 889
64 0

573 1800
59 0
57 465
0 0

412 3591
190 0
305 1545

1442 4061
179 0
415 3320
447 4541
50 0
98 0

1676 14256
743 0
384 0
161 0

0 0
1075 0
322 0

49676 149872
501 4179
131 0
90 0

330 0
214 928
156 0
95 0

1323 7757
182 0
94 0
79 0

355 0
306 2786
328 5453
55 0

93602 108222
222 0

7195 0
252 83

2393 5111
1073 5501
234 1010
369 0
922 0

15195 24410
50 0

208 0
1754 9032
174 652
208 594
64 0

458 0
385 521

0 0
205 0
200 0

4434 9567
78 0

3847 16811
172 0
291 3135
231 0

1815 0
0 0

40 0
223 1084
149 0

1450 7778
137 1454
77 0

352 0
171 0

4687 16154
266 2161
483 0
238 0

0 0
699 1676
69 0
67 0

195 0
708 1385
850 2057

2197 2064
1308 3548

50 0
246 0
73 0
84 0

556 2250
0 0

145 0
402 1510
87 707

191 0
414 0
434 3692
168 892

8041 20622
144 0
216 0
327 942

3169 7478
16636 0

69 0
221 411

1542 169
614 978
188 0
49 0

11780 43772
243 2714
150 0
190 0

0 838
152 0
153 142
198 0
705 0
566 3073
157 0

2234 0
9651 3855
892 2180
277 1789
263 0
182 0

2316 0
173 0
70 0
85 0

572 4343
412 0

3079 0
1593 8251
116 601
232 0
280 1117
401 0
57 0

541 2045
157 0

0 0
436 4379
288 878

3136 8999
56 0

212 0
320 3839
187 3199
215 0
420 4259

1960 2987
5216 24189
443 1013
90 0

713 0
818 1018

1224 5463
194 0
140 442
269 1296
80 0

604 1963
77 0

260 26
2799 4752
1559 0
307 1060
78 0

606 1263
395 1404
76 0

229 0
19366 67731

310 1014
469 2185
68 0
76 0

140 0
75 0
87 4518

311 1700
1003 9824

35073 186850
212 0

2927 3276
255 0
85 171

7365 16100
65 0
60 0

1866 261
108 170
99 0

183 660
300 1535
268 0

0 0
191 0
412 125
447 3249
301 0

7443 16187
279 1203

1966 8062
3969 20989
620 0
180 0
119 0
333 713
15 0

186 240
167 509
71 0

416 0
131 0

4096 13906
3550 4901

99 0
346 2956
186 746
192 0
493 1116
225 0

3538 5379
259 764
765 2268
235 0
139 0
248 0
173 0
560 570
783 1949
99 0

944 8746
165 0
102 0
387 0
523 135

8905 21476
182 243
40 0

820 0
179 0
229 659
318 0
347 0
249 798

1586 8071
59 0

262 0
40 355

131 0
40690 80375

902 5720
0 0

142 0
623 1626
387 972
194 2114

0 0
184 0
30 0
50 0

256 0
1274 9800
193 1547
96 0

388 2997
45 0

330 665
213 555
496 0
84 0
39 0

805 3634
134 510
40 0

183 0
153 0
154 1556
48 0

467 2857
738 0
947 544
98 413

475 283
69 0

265 3077
12172 18430

160 550
298 556
228 436
40 0

152 496
3353 262

0 0
107 1481
488 1268
218 262
417 1572

1532 0
329 0

48723 184790
276 0
233 2279
137 0
86 559

188 0
111 0
124 0
40 0

358 5053
158 0

17200 25274
15189 22323
7989 20844
241 2344
57 0

377 266
230 416
289 517

1899 7384
134 0
52 0

165 0
40 0

382 0
264 0
720 3451
278 1000

23477 71257
5906 0
184 0
485 575
743 1328
64 0

764 543
514 1510

0 0
162 2242
398 0

2459 0
152 1406
40 0

246 2182
135 380

2623 0
52 0

436 5040
253 0
361 822
87 0

2268 2565
90 0

613 9979
53 0

352 0
194 519
908 0
163 0
109 0
93 0

192 0
272 0

1816 12852
0 0

156 0
69 0

226 0
141 378

2102 549
376 1160

1685 1043
6514 16678
1277 3638
731 84
130 0
277 0
293 1568
236 0
85 3196

756 308
437 850
371 0
747 1052
463 3670
324 1231

1021 2021
6750 11828
221 570
171 0
20 0

176 1491
2208 0
348 0
227 0

2916 7909
644 8689
40 0

302 0
285 0
121 0

1164 2024
69 0

358 462
89 957

185 0
217 475
90 0
79 0

942 1301
170 255
86 0

272 0
53 0

335 1145
173 0

8157 36740
356 1965

1146 7953
108 0
208 260
621 363
249 0
300 1248
311 1505
277 1346
295 1480
288 1564
64 0

165 0
116 0
877 671

1122 3070
213 1269
382 0
262 0
649 4234
60 467

444 0
395 460
102 0
30 0

373 0
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✠ Bringing it all together: SUVA case study Split claims

Split claims
Xsc <- SUVA$medcosts[SUVA$medcosts <= M]
Xsc <- Xsc[Xsc > 0]
Xlc <- SUVA$medcosts[SUVA$medcosts > M]
lambda.sc <- length(Xsc)/(length(Xsc) + length(Xlc))
lambda.lc <- length(Xlc)/(length(Xsc) + length(Xlc))
c(lambda.sc, lambda.lc)

## [1] 0.97109827 0.02890173
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Modelling the small claims
plotdist(Xsc)
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Xsc.cullen <- descdist(Xsc, boot = 1000)

Xsc.cullen

## summary statistics
## ------
## min: 15 max: 9854
## median: 240
## mean: 699.1978
## estimated sd: 1390.096
## estimated skewness: 4.010796
## estimated kurtosis: 20.79387
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Ssc using the empirical distribution of Xsc and Panjer
Xsc.emp <- ecdf(Xsc)
Xsc.emp.pmf <- discretize(Xsc.emp, from = 0, to = M, step = data.scale,

method = "rounding")
sum(Xsc.emp.pmf)

## [1] 1
# and this the cdf
Xsc.emp.df <- cumsum(Xsc.emp.pmf)
# Panjer
Ssc.emp.df <- aggregateDist(method = "recursive", model.freq = "poisson",

model.sev = Xsc.emp.pmf, lambda = lambda.sc, x.scale = data.scale,
maxit = 1000)

# Ssc pmf
Ssc.emp.pmf <- diff(Ssc.emp.df)
# plotting the fit
plot(Xsc.emp(0:10000), type = "l", col = "black")
lines((0:(M/data.scale) * data.scale), Ssc.emp.df((0:(M/data.scale) *

data.scale)), pch = "-", col = "blue")
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Ssc using an translated gamma approximation
# Moments of Xsc:
moments <- c(Xsc.cullen$mean, Xsc.cullen$sdˆ2, Xsc.cullen$skewness)
# getting parameters of translated gamma:
gamma <- (2/moments[3])ˆ2
c <- (gamma/moments[2])ˆ(1/2)
k <- moments[1] - gamma/c
# checking moments match:
c(gamma/c + k, moments[1])

## [1] 699.1978 699.1978

c((gamma/cˆ2), moments[2])

## [1] 1932366 1932366

c(2 * gammaˆ(-1/2), moments[3])

## [1] 4.010796 4.010796
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No Panjer here - just discretisation of the gamma:
Ssc.tlg.pmf <- discretize(pgamma(x - k, shape = gamma, rate = c),

from = 0, to = 3 * M, step = data.scale, method = "rounding")
Ssc.tlg.df <- cumsum(Ssc.tlg.pmf)
plot(Xsc.emp(0:10000), type = "l", col = "black")
lines((0:(M/data.scale) * data.scale), Ssc.tlg.df[1:(M/data.scale +

1)], pch = "-", col = "blue")

One can see with this graph that the right tail is good (as expected), but
the left tail not so much. It will be interesting to compare final results with
the ecdf version (which would have a better match on this graph obviously)
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Comparison
plot((0:(M/data.scale) * data.scale), Ssc.tlg.df[1:(M/data.scale +

1)], pch = "-", col = "blue", xlim = c(0, 10000), ylim = c(0,
1), ylab = "df")

lines(Ssc.emp.df, pch = "-", col = "red")
lines(Xsc.emp(0:10000), type = "l", col = "black")
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plot((0:(M/data.scale) * data.scale), Ssc.tlg.df[1:(M/data.scale +
1)], pch = "-", col = "blue", xlim = c(2000, 10000), ylim = c(0.9,
1), ylab = "df")

lines(Ssc.emp.df, pch = "-", col = "red")
lines(Xsc.emp(0:10000), type = "l", col = "black")
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Modelling the large claims
fit.SUVA <- fevd(SUVA$medcosts, threshold = M, type = "GP", time.units = "1/year")
# do we have mass below M?
pextRemes(fit.SUVA, M, lower.tail = TRUE)

## [1] 0
# getting the pmf:
Xlc.pmf <- discretize(pextRemes(fit.SUVA, x, lower.tail = TRUE),

from = 0, to = 1e+06, step = data.scale)
sum(Xlc.pmf)

## [1] 1
# distribution of Slc
Slc.df <- aggregateDist(method = "recursive", model.freq = "poisson",

model.sev = Xlc.pmf, lambda = lambda.lc, x.scale = data.scale,
maxit = 50000)

plot(Slc.df, ylim = c(lambda.sc, 1))

# pmf of Slc
Slc.pmf <- diff(Slc.df)
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Getting ready
# we'll put the masses in here
Stotal.emp.pmf <- c()
Stotal.tlg.pmf <- c()
# working out vector sizes
lastpoint <- 1e+06
masses <- lastpoint/data.scale + 1
# adding 0's as required for the convolutions to work
Ssc.emp.pmf <- c(Ssc.emp.pmf, rep(0, masses - length(Ssc.emp.pmf)))
Ssc.tlg.pmf <- c(Ssc.tlg.pmf, rep(0, masses - length(Ssc.tlg.pmf)))
Slc.pmf <- c(Slc.pmf, rep(0, masses - length(Slc.pmf)))
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Performing the convolutions
# and the convolutions
for (i in 1:masses) {

Stotal.emp.pmf[i] <- sum(Ssc.emp.pmf[1:i] * Slc.pmf[i:1])
Stotal.tlg.pmf[i] <- sum(Ssc.tlg.pmf[1:i] * Slc.pmf[i:1])

}
sum(Stotal.emp.pmf)

## [1] 0.999998

sum(Stotal.tlg.pmf)

## [1] 0.9999981

Stotal.emp.cdf <- cumsum(Stotal.emp.pmf)
Stotal.tlg.cdf <- cumsum(Stotal.tlg.pmf)
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Examining the ECDF approach fit
plot(Stotal.emp.cdf, pch = 20, xlim = c(100, 1100), ylim = c(0.98,

1))
lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,

col = "blue")

plot(Stotal.emp.cdf, pch = 20, xlim = c(10, 500), ylim = c(0.95,
1))

lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,
col = "blue")

plot(Stotal.emp.cdf, pch = 20, xlim = c(0, 500), ylim = c(0.9,
1))

lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,
col = "blue")

plot(Stotal.emp.cdf, pch = 20, xlim = c(0, 20), ylim = c(0, 1))
lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,

col = "blue")
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Examining the translated gamma approach fit
plot(Stotal.tlg.cdf, pch = 20, xlim = c(100, 1100), ylim = c(0.98,

1))
lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,

col = "blue")

plot(Stotal.tlg.cdf, pch = 20, xlim = c(10, 500), ylim = c(0.95,
1))

lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,
col = "blue")

plot(Stotal.tlg.cdf, pch = 20, xlim = c(0, 500), ylim = c(0.9,
1))

lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,
col = "blue")

plot(Stotal.tlg.cdf, pch = 20, xlim = c(0, 20), ylim = c(0, 1))
lines(ecdf(SUVA$medcosts[SUVA$medcosts > 0]/data.scale), pch = 20,

col = "blue")
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Moments
em1 <- c(emm(SUVA$medcosts[SUVA$medcosts > 0], 1), sum((((1:masses) -

1) * data.scale) * (Stotal.emp.pmf)), sum((((1:masses) -
1) * data.scale) * (Stotal.tlg.pmf)))

em2 <- c(emm(SUVA$medcosts[SUVA$medcosts > 0], 2), sum((((1:masses) -
1) * data.scale)ˆ2 * (Stotal.emp.pmf)), sum((((1:masses) -
1) * data.scale)ˆ2 * (Stotal.tlg.pmf)))

em3 <- c(emm(SUVA$medcosts[SUVA$medcosts > 0], 3), sum((((1:masses) -
1) * data.scale)ˆ3 * (Stotal.emp.pmf)), sum((((1:masses) -
1) * data.scale)ˆ3 * (Stotal.tlg.pmf)))

sd <- (em2 - em1ˆ2)ˆ0.5
skew <- (em3 - 3 * em1 * sdˆ2 - em1ˆ3)/sdˆ3
Smoments <- data.frame(rbind(em1, sd, skew))
names(Smoments) <- c("SUVA", "Emp", "Tlg")
Smoments

SUVA Emp Tlg

em1 1492.765229 1478.788445 1494.851875
sd 5763.108871 5932.145105 5897.220298
skew 8.885693 9.739098 9.893872
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